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Abstract 

We present a formal algebraic language to deal with quantum deformations of Lie-Rinehart 
algebras — or Lie algebroids, in a geometrical setting. In particular, extending the ice-breaking 
ideas introduced by Xu in [34], we provide suitable notions of "quantum groupoids". For 
these objects, we detail somewhat in depth the formalism of linear duality; this yields several 
fundamental antiequivalences among (the categories of) the two basic kinds of "quantum 
groupoids" . On the other hand, we develop a suitable version of a "quantum duality principle" 
for quantum groupoids, which extends the one for quantum groups — dealing with Hopf 
algebras — originally introduced by Drinfeld (cf. [9], §7) and later detailed in [13]. Q 
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1 Introduction 

The classical theory of Lie groups, or alternatively algebraic groups, has a quantum counterpart 
in the theory of "quantum groups". This notion became of widespread interest after Drinfeld 
landmarking contribution in 1986 (see [9]), which opened the way for a long, fruitful investigation. 

In particular, Drinfeld set a rigorous definition: quantum groups are suitable topological Hopf 
algebras which are formal deformations either of the algebra of functions on a formal group, or 
of the universal enveloping algebras of a Lie algebra. In this context, the deformation provides 
an additional structure on the classical object: namely, the formal group inherits a structure of 
Poisson formal group, and the Lie algebra a structure of Lie bialgebra. Both objects can be thought 
of as the infinitesimal counterpart of Poisson Lie groups (or of Poisson algebraic groups), whose 
importance in Poisson geometry is clear. Drinfeld himself also sketched the way to introduce linear 
duality among quantum groups, in a quite natural way. On the other hand, he also revealed a more 
surprising feature of quantum groups, later named "quantum duality" . Namely, there exists an 
equivalence of categories which turns every quantized enveloping algebra into a quantized formal 
group, and viceversa; even more, in this equivalence one shifts from a quantization of a given Lie 
bialgebra, say L , to one of the dual Lie bialgebra L* . 

On the other hand, there exists another extension of Lie group theory which still moves within 
the realm of "classical" (vs. "quantum") Lie theory: this is the theory of Lie-Rinehart algebras 
(sometimes also called "Lie algebroids" ) , developed by Rinehart, Huebschmann and others. A Lie- 
Rinehart algebra (sometimes also called "Lie algebroid" ) over a commutative ring A is a structure 
[L , [ , ] , uA between ^4-Lie algebras (this corresponds to the case where the anchor map 10 is 
0) and the fc-Lie algebra of derivations of A , namely Der (A) . Global sections of Lie algebroids 
provide examples of Lie-Rinehart algebras that come from geometry: if A is a manifold, then 
(F(TA) , C°°(X) , id) is a Lie-Rinehart algebra whose enveloping algebra is the algebra of globally 
defined differential operators. When A is a Poisson manifold, it is known (cf. [8] and [16]) that 
SI 1 (A) is a Lie-Rinehart algebra, which is very used in Poisson geometry (see [TTj). 

The natural algebraic gadgets attached with a Lie-Rinehart algebra are its universal enveloping 
algebra V(L) and its algebra of jets J(L) — direct generalizations of the universal enveloping 
algebra of a Lie algebra and of the algebra of functions on a formal group. 

As A is commutative, any Lie-Rinehart algebra L over A can also be seen as a right Lie-Rinehart 
algebra: this leads to define the less studied right enveloping algebra of L , call it V r {L) . If L is a 
Lie algebra, then V £ (L) and V r (L) coincide. In general, the algebra V r {L) as is anti- isomorphic 
to V l {L) via the map S : V e (L) — ► V r (L) , (L 3) D ^ -D , (A 3) a i-4 a . The existence 
of two enveloping algebras V (L) and V r (L) will induce a phenomenon that does not appear in 
standard quantum group theory: namely, there will be two different notions of quantum enveloping 
algebroids and quantum formal series algebroids, the left ones and the right ones. 

All these algebraic objects attached to L — V e (L), V r (L), J r (L) and J l (L) — bear a richer 
structure, namely of (topological) bialgebroid — a left for those with a superscript "f , a right 
one for those with an "r". The notion of left/right bialgebroid is in turn a generalization - 
somewhat less rigid, and less symmetric — of that of Hopf algebra. It appears (in the left version, 
cf. |32] and |25j ) when one wants to replace the commutative ground ring k of a bialgebra by a 
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possibly noncommutative fc-algebra A . Thus a left bialgebroid over a ground ring A is a sextuple 
H. = [H, A, s , t , A, e) where H is an algebra, the source map s l : A — > H is an algebra 
morphism, the target map t l : A — > H is an algebra anti-morphism, A is a coproduct (in a 
suitable sense) and e : H — > A is the counit for that coproduct. It is well known that V e (L) is 
naturally endowed with a standard left bialgebroid structure. 

If U is a /c-Hopf algebra, its opposite-coopposite U° p op is also a fc-Hopf algebra. Instead, 
this is not true anymore if U is a left bialgebroid. This remark leads to the concept of right 
bialgebroid, that was introduced in [IS]. Then one has that sextuple W = (W, A, s r , t r , A, <9) is 
a right bialgebroid if and only if W° p op = (W op , A op , s r , t r , A coop , d) is a left bialgebroid. If L 
is a Lie Rinehart algebra, its right enveloping algebra V r (L) is endowed with a standard right 
bialgebroid structure. 

Any left bialgebroid U is naturally a left A-module and a right A-module. Then one may 
consider its left dual U* — i.e. its dual as a left A-module — as well as its right dual U* — i.e. its 
dual as a right A-module. Then (under mild conditions) U* and U* can be endowed with a right 
bialgebroid structure (see [18]). Similarly, a right bialgebroid W also has a left dual »W and a 
right dual *W which can both be endowed with a left bialgebroid structure. 

In particular, J r (L) := V e (L) is a right bialgebroid. It is well know that one recovers the 
left bialgebroid V (L) from J r (L) by taking the continuous left dual V e (L) = *J(L) . Similarly, 
J e (L) :— *U r (L) is a left bialgebroid, and the right bialgebroid V r (L) can be recovered from J l (L) 
by taking the continuous right dual V r {L) — J e (L) . 

When looking for quantizations of Lie-Rinehart algebras, one should consider formal deforma- 
tions of either V e / r (L) or J r / l (L) , among the corresponding objects, i.e. left or right (topological) 
bialgebroids: loosely speaking, we shall call such objects "quantum groupoids" . 

The first, ice-breaking step in this direction was made by Ping Xu in 34 : in that paper he 
introduced a formal notion of quantization of V e (L) , called quantum universal enveloping algebroid 
(LQUEAd in short). Then he noticed that any such quantization endows the Lie-Rinehart algebra L 
itself with an additional piece of structure which eventually makes it into a Lie-Rinehart bialgebra. 
Indeed, this notion of Lie-Rinehart bialgebra turns out to be a direct extension of that of Lie 
bialgebra, and can be studied in purely classical terms (i.e., without involving quantizations) much 
like it occurs for the notion of Lie bialgebra. In particular, this is a self-dual notion, so that if L 
is a Lie-Rinehart bialgebra then its dual space L* is a Lie-Rinehart bialgebra as well (|21|). 

Still in [34], Xu provides also a construction which provides examples of LQUEAd's, in the 
following way. Let A be a Poisson manifold T>x '■= V i (T(TX)) . Let * be a star product which 
quantizes the Poisson bracket { , } of X , defined by a "twist" T £ (T>x ® T>x) [[h]] . The twist 
(in the sense of [34]) of — which is the trivial deformation of T>x — by J 7 provides a new, 

non-trivial LQUEAd, denoted by T>x [[h]]' F , with non trivial coproduct. 

The purpose of the present paper is to move some further steps in the work of laying bases 
for a quantum theory of Lie-Rinehart algebras; in other words, we provide our contribution to the 
foundations of a theory of "quantum Lie algebroids" or, speaking globally, of "quantum groupoids" . 

After recalling some basics of the theory of Lie-Rinehart algebras and bialgebras (Sec. [2]), we 
introduce also some basics of the theory of bialgebroids (Sec. [3]): in particular, we dwell on the 
relevant examples, i.e. universal enveloping algebras and jet spaces for Lie-Rinehart algebras. 

Then we introduce "quantum groupoids" (Sec. 0]). Besides the original notion of LQUEAd 
given by Xu in [34] — yet with different conventions — we introduce its right counterpart (the 
notion of right quantum universal enveloping algebra, in short RQUEAd): a topological right 
bialgebroid which is a formal deformation of some V r {L) . Similarly, we introduce quantizations 
of jet spaces; a topological right bialgebroid which is a formal deformation of some J r (L) will 
be called a right quantum formal series algebroid (RQFSAd in short); similarly, the left-handed 
version of this notion gives rise to the definition of left quantum formal series algebroid (LQFSAd 
in short). Altogether, this gives us four kinds of quantum groupoids; each one of these induces a 
Lie-Rinehart bialgebra structures on the original Lie-Rinehart algebra one deals with, extending 
what happens with LQUEAd's (after [34 ). 

As a next step, we discuss linear duality for quantum groupoids (Sec. [5])- Here the natural 
language is that of linear duality for left and right bialgebroids, with some precisions. First, the 
bialgebroids we deal with have infinite rank, so one has to consider topological duals, with respect 
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to suitably chosen topologies (which is harmless). Second, both left and right duals are available: 
thus a priori taking duals causes a proliferation of objects. Nevertheless, there is still enough 
symmetry to keep this phenomenon under control, so eventually we can bound ourselves to deal 
with only a handful of duality functors. 

In the end, our main result on the subject claims the following: our duality functors provide 
(well-defined) anti-equivalences between the category of all LQUEAd's and the category of all 
RQFSAd's (on a same, fixed ring Ah), and similarly also anti-equivalences between the category of 
all RQUEAd's the category of all LQFSAd's (on Ah again). In addition, if one starts with a given 
quantum groupoid, which induces a specific (Lie-Rinehart) bialgebra structure on the underlying 
Lie-Rinehart algebra, then the dual quantization yields the same or the coopposite Lie-Rinehart 
bialgebra structure — see Theorems 15.51 and 15 . 71 for further precisions. To be precise, let us denote 
by LQUEAd^ the category of all LQUEAD over A h (a quantization of the ground ring A), and by 
RQFSAd Ah the category of all RQFSAd over Ah , and so on. Then denote by a * the continuous 
dual (with respect to a suitable topology), not to be confused with the full dual (denoted instead 
by a * ). Our main result on linear duality for quantum groupoids then reads as follows: 

Theorem 1. (cf. Theorems [EM and[£B in Sec. Ep 

Left and right duals yield pairs of well-defined contra variant functors 

(LQUEAd) Aft — > (RQFSAd) Ah , H h H h * , (RQFSAd) A ^ — > (LQUEAd)^ , K h h> t K h 

(LQUEAd) Afc — > (RQFSAd) Ah , H h ^H h ,, (RQFSAd) Ah — > (LQUEAd) Ah , K h *K h 

(RQUEAd) Ah — ► (LQFSAd) A)i , H h h-> *H h , (LQFSAd) Afc — > (RQUEAd) Afc , K h ^ K hit 

(RQUEAd) Afc — > (LQFSAd) Afc , H h ^ *H h , (LQFSAd) Afc — ► (RQUEAd)^^ , K h h> K f * 

which are (pairwise) inverse to each other, hence yield pairs of antiequivalences of categories. 

In addition, the Lie-Rinehart bialgebra structure induced by the dual of a given quantum 
groupoid is the same or the coopposite one as that induced by the initial quantum groupoid. 

Finally (Sec. [5]), we develop a suitable "Quantum Duality Principle" for quantum groupoids. 
Indeed, we introduce functors "a la Drinfeld" , denoted by ( ) v and ( )' , which turns (L/R)QFSAd's 
into (L/R)QUEAd's and viceversa, so to provide an equivalence between the category of all LQF- 
SAd's and that of all LQUEAd's, and a similar equivalence between RQFSAd's and RQUEAd's. In 
addition, if one starts with a quantization of some Lie-Rinehart bialgebra L , then the (appropriate) 
Drinfeld functor gets out of it a quantization of the dual Lie-Rinehart bialgebra L* . 

Let us be more precise. For the functor ( ) v , Drinfeld's original definition groups can be easily 
extended to RQFSAd and LQFSAd. We get then the following generalization of Drinfeld's result: 



Theorem 2. (cf. Theorem \6.J\ in Subsec. lKT]) 

Let J r (L) h G (RQFSAd)^^ , where L is a finite projective Lie-Rinehart algebra. Then J r (L) h G 
(RQUEAd)^ , with semiclassical limit isomorphic to V r (L*~) , for which the structure of Lie- 
Rinehart bialgebra induced on L* by the quantization J r (L)^ of V r (L*~) is dual to that induced on 
L by the quantization J r (L) h of J r (L) . Moreover, the definition of J r (L) h i— > J r (L)^ extends to 
morphisms in (RQFSAd) , so to give a (covariant) functor ( ) v : (RQFSAd) — > (RQUEAd) . 

A similar result holds with the roles of "left" and "right" reversed all over the place. 

On the other hand, the original definition by Drinfeld of the functor ( )' — in terms of the 
coproduct — cannot be easily extended to the quantum groupoid case (because, in general, the 
source and the target differ). For that, we instead define the functor ( )' using linear duality. If 
H h = V(L) h is a LQUEAd, we define := *((H h *) w ) , 'H h := *(((H h )^) . Mimicking 
Drinfeld's construction, we also introduce an additional object S s (Hh) ■ With a bit of work, we 
prove that = S s (Hh) = 'Hh ■ If Hh = V r (L)h is a RQUEAd, we proceed in a similar way. In 
the end, we extend Drinfeld's result about ( )' in the following form: 

Theorem 3. (see Theorem \6.19\ in Subsec. [(Ufy 

(a) Let V £ (L) h G (LQUEAd)^ , where L is a finite projective Lie-Rinehart algebra. Then 
'V l {L) h = V e (L)' h G (LQFSAd)^ , with semiclassical limit isomorphic to J^(L*) , for which the 

structure of Lie-Rinehart bialgebra induced on L* by the quantization V e (L)' h of J l {L*) is dual to 
that on L by the quantization V (L) h of V e (L) . Moreover, the definition of V £ (L) h H> 'V i (L) h = 
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V l {V)' h extends to morphisms in (LQUEAd) , so that we have a well defined (covariant) functor 
'() = ()': (LQUEAd) — > (LQFSAd) . 

A similar result holds with the roles of "left" and "right" reversed all over the place. 

As a final outcome, we find a "quantum duality principle" in the context of quantum groupoids 
which is expressed by Theorems 2 and 3 above along with the following result: 

Theorem 4. ( cf. Theorem \6. 22\ in Subsec. \6.3\) 

The functors ( ) v : (RQFSAd) ->■ (RQUEAd) and ()' = '(): (RQUEAd) -> (RQFSAd) 
are inverse to each other, hence they are equivalences of categories. Similarly for the functors 
( ) v : (LQFSAd) — ► (LQUEAd) and ()' = '(): (LQUEAd) — > (LQFSAd) . 

It is worth remarking that one could work with "quantum groupoids" on one side only (left or 
right, say). Then if we pick opposite sides for QUEAd's and QFSAd's — that is we take either 
LQUEAd's and RQFSAd's, or RQUEAd's and LQFSAd's — then we still have a good theory 
of linear duality, i.e. we have well-behaving antiequivalences given by the functors of (left/right) 
linear duality. Indeed, the key point here is that linear duality "reverses the orientation" of our 
quantum groupoids (and in general of bialgebroids), turning "left" into "right" and viceversa. On 
the other hand, Drinfeld functors (in whatever reasonable sense one introduces them) for quantum 
groupoids instead "do preserve the orientation" , so to define them one keeps quantum groupoids 
"on the same side" . Thus, if we want to deal with "quantum groupoids" which have both a nice 
theory of linear duality and a suitable quantum duality principle, then we must necessarily work 
with four kinds of "quantum groupoids" , i.e. left and right QUEAd's and left and right QFSAd's. 

At the end (Sec. [7]) we present an example, just to illustrate some of our main results on a 
single — and simple, yet significant enough — toy model. 
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2 Lie-Rinehart algebras and bialgebras 

Throughout this paper, k will be a field and A will be a unital, associative A:-algebra; we assume 
k to have characteristic zero (though for most definitions and constructions this is not necessary). 
Moreover, for all objects defined in this section we assume in addition that A is also commutative. 



2.1 Lie-Rinehart algebras 

To begin with, we introduce the notion of (left) Lie-Rinehart algebra ( or "Lie algebroid"). 

Definition 2.1. A (left) Lie-Rinehart algebra (see }3(tf) is a triple (A,L,cj) where 

(a) L is a k-Lie algebra, 

(b) L is an A-module, 

(c) uj is an A-linear morphism of Lie k-algebras from L to Der(A), called anchor (map), 
such that the following compatibility relation holds: 

VD,D'eL, V/eA, [DJD'] = oj(D)(f) D> + f [D, D>] 

In particular, if L is finitely generated projective as an A-module, then (A, L, u>) will be called a 
finite projective Lie-Rinehart algebra. 

Notation : when there is no ambiguity, the Lie-Rinehart algebra (A,L,lj) will be written L. 
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Examples 2.2. 

(1) The simplest example of Lie-Rinehart algebras is obtained when the anchor map tu is . 
In this case, L is just an A-Lie algebra. 

(2) (A, Der(A), id) is a Lie-Rinehart algebra. 

(3) Let A be a Poisson algebra and Da be the ^4-module of Kahlcr differentials. Then Da is 
naturally endowed with a Lie-Rinehart algebra structure (see |16j). 

(4) Crossed products: Let g be a fc-Lie algebra and A be an associative commutative k- 
algebra. Assume moreover that a fc-Lie algebra morphism a : g — > Der(A) is given. Consider 
L = A <E>k g • Then L is a Lie-Rinehart algebra with respect to the Lie bracket and anchor map 
defined as follows: for all 1,7 ej and a, b G A , 

uj(a®X)(b) := aa(X)(b) , [a®X,b®Y] := aa{X)(b) ®Y - ba(Y)(a) ® X + ab ®[X,Y] 

This Lie-Rinehart algebra L is called the crossed product of A with g and is denoted A#g . 

(5) If L is any yl-module, we denote by L ab the trivial Lie algebroid, that is L itself endowed 
with trivial Lie bracket and trivial anchor map. 

(6) In the setup of differential geometry, natural examples of Lie-Rinehart algebras arise as 
spaces of global sections of Lie algebroids (see here below for the definition). 

Definition 2.3. Let P be a smooth (real) manifold. A Lie algebroid is a vector bundle C over 
P together with a Lie algebra structure on the space T(C) of smooth global sections of £ and a 
bundle map p : C — > TP such that, for any f G C°°(P) and X, Y e T(C) , one has 

(i) p{[X,Y]) = [p{X),p{Y)] , (ii) [XJY] = f[X,Y}+ P (X)(f)Y 

2.4. Lie-Rinehart algebras from geometry. The first example of Lie-Rinehart algebras arising 
in (differential) geometry is the following, basic one. Let £ be a Lie algebroid over the smooth 
(real) manifold P : then the triple (C°°(P), L(£), w) is a Lie-Rinehart algebra, the anchor being 
ui := r(p) and the ground field being fc := M . 

The simplest example of Lie algebroid over P is given by C := TP , the tangent bundle of 
P, with p :— id TP : by the above, this implies that (C°°(P),r(TP),T(id TP )) has a canonical 
structure of Lie-Rinehart algebra. 

Let us also say a word about the geometric counterpart of Example \2.2Y 3) (0). Let P be 
a Poisson manifold: write { , } for the Poisson bracket over A := C°°(P), then IT e A A TP 
for the corresponding Poisson bivector on P and II# : ftp — > TP for the map defined by 
n#(u>i) := n(wi, -) . The vector bundle of differential forms of degree 1 on P, i.e. ftp , is endowed 
with a natural Lie algebroid structure. Indeed, the Lie bracket over L(i7p) is the standard one 
given by 

[wi,w 2 ] := Cr& Ul U2 - Crfr^Ux - d(U(u)i, u 2 )) 

where Cret^i 1S the Lie derivative with respect to a>i and d is the de Rham differential. On 
the other hand, the anchor map is given by 

n # :^— >TP, fdg^f{g,-} 

2.5. Differentials for Lie-Rinehart algebras. If (A,L,ui) is a Lie-Rinehart algebra, it is well 
known that f\ A L , endowed with the exterior product and the generalized Schouten bracket, is a 
Gerstenhaber algebra (cf. (55] ). The generalized Schouten bracket is the unique extension of the 
Lie bracket on L such that 

V Q g A A +1 L , Q> G A q A +1 L , [Q, Q'] = -(-l) qq ' [Qi, Q] 
V/G A° A L = A, VleL, [XJ] = u(X)(f) 

V Q e Aa + L , [Q, -} is a derivation of degree q of Aa ^ 



= ®u>oAa L 
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Given a finite projective Lie-Rinehart algebra (A,L,w), it is known that f\^L* = © n /\^L* 

admits a differential cIl that makes it into a differential algebra. Here g?l : f\ A L* — > Aa +1 ^* 
is defined as follows: for all A G /\ A L* and for all (Xi, X 2 , ■ . ■ , X n+ i) G L n+1 , one has 

(d L \)(x 1 ,...,x n+1 ) = J2 7 ^(-iy +1 Lj(x t )(\(x 1 ,...,x i: --,Xn+ 1 ) + 

In the case where L — TX , the differential dj, coincides with the de Rham differential. 

Lie-Rinehart algebra structures on L are in bijective correspondence with differential graded 
^4-algebra structures on /\ A L* ([33], lemma 2.2). 

Remark 2.6. If L is not finite projective, then the differential dh still exists but just as a map 
from Horn A (Aa L > A ) to Hom A ( Aa +1 L > A ) ■ 

Definition 2.7. Let (A, £, fee a (7e/£) Lie-Rinehart algebra. The (left) universal enveloping 
algebra of L is the k-algebra 

V\L) := T+(A®L)/l 

where (A © L) is the positive part of the the tensor k-algebra over A (B L and I is the two sided 
ideal in T^(A © L) generated by the elements 

a®b — ab , a <g) £ — a£ , £®?7-?7©£- [£,??], £ ® a — a © £ - w(£)(a) 

/or a, fe G A , £, 77 G i . 

Remark 2.8. Note that V (£) is a filtered ring, its (increasing) filtration {Kf(L)} ngN being 
defined as follows: V£(L) := A , V^ +1 {L) := V^(X) + V* (L) ■ L for all n G N . In the following 
we shall denote by Gr(V e (L)) the graduate algebra associated with this filtration. 

The following basic result is proved in |30| : 

Theorem 2.9. Assume that L is projective as an A-module. Then Gr(V e (L)) S A (L) . 
Moreover, the natural maps la '■ A — > V l {L) and ll : L — > V l {L) are monomorphisms. 

Remarks 2.10. 

(a) Let S be a multiplicative system. We know (cf. [12]) that L5 = As ©a L is naturally 
endowed with a natural Lie-Rinehart algebra structure over As , extending that of L . 

(b) The Lie-Rinehart algebras L = [L, A,[, ],cj) and L op := (L, A, — [ , ], —a; J are isomorphic 
via the isomorphims F defined by F(D) := —D for all D G L and F(a) := a for all a £ A . 

Examples 2.11. 

(1) If L is simply a Lie algebra over k , then its universal enveloping algebra is just the usual 
one of Lie algebra theory. 

(2) Let X be a smooth manifold and set A — C°°(X) . Then the universal enveloping algebra 
U(Der(A)} associated to the Lie-Rinehart algebra [A, Der(A), id) is the ring of global differential 
operators on X . 

2.12. From a finite projective Lie-Rinehart algebra to a free Lie-Rinehart algebra. 

Most of the time, we will work with finite projective Lie-Rinehart algebras. This is a reasonable 
hypothesis as Lie-Rinehart algebras coming from the geometry are finite projective. Several times 
in this article, we will prove results for (finite) free Lie-Rinehart algebra and then extend them to 
finite projective Lie-Rinehart algebras. We now explain the key step for this. 
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Let I be a finite projective Lie-Rinehart algebra. There exist a finite projective A— module 
Q such that F = L © Q is a finite rank free A-module. We can endow F with the following 
Lie-Rinehart algebra structure: 

VfleL, VfieQ, u F {D + E) ■= cu L (D) 

V D 1 ,D 2 £L, V E X ,E 2 £ Q , [D x + E 1 , D 2 + E 2 ] := [D x , D 2 ] 

(in other words, the Lie-Rinehart structure of L is extended trivially to F = L © Q). Then 
V l (F) = V l (L) ®a S{Q) . We shall not make use of the Lie-Rinehart algebra F because, as Q is 
not free, a quantization of V (F) is not easy to construct from a quantization of V (L) . 

The A-module L Q := LffiQffiLffiQfflLffiQ©--- = F © F © F © ■ • • is a free A-module. 
Set R = Q®L®Q®L®Q®---; then R is a free A-module such that Lq = L © R is a free 
^-module (cf. [T3]). We endow Lq with the structure of a Lie-Rinehart algebra as follows: 

VDeL, VBeR, u) Lq (D + B) ;= u L (D) 

V D\ , D 2 £ L , V Bx , B 2 e R , [D 1 + B x , D 2 + B 2 ] := [D x , D 2 ] 

(in other words, the Lie-Rinehart structure of L is extended trivially to Lq = L@ R). 

n 

Let {61, ... , b n } be an A-basis of F, and set T := N x {1, . . . , n} , Z := © k v t , F := © fc 6j . 

n 

Then F = © Ab t = A® k Y and i? ~ F © F © • • • = A ® fc (F © F © • • • ) = A® k Z ; also, 
V 1 (Lq) = V f {L) <g> k S(Z) . 

Definition 2.13. Let an A-basis {&!,...,&„} of F be given. Then one can construct a basis 
{vt} t£T of R and an A-basis {et} t£T of Lq both indexed by T := N x {1, . . . ,n} . For Lq such 
a basis will be called a good basis. For later use, if i — (ii, i 2 ) £ T we set w{e.i) := i\ . 

2.14. Right Lie-Rinehart algebras. For the sake of completeness, we have to mention that one 
can also, in a symmetric way, consider the notion of right Lie-Rinehart algebra, as follows: 

Definition 2.15. A right Lie-Rinehart algebra is a triple (A,L,u>) where 

(a) L is a k-Lie algebra, 

(b) L is a right A-module, 

(c) uj is an A-linear morphism of Lie k-algebras from L to Der(A), called anchor (map), 
such that the following compatibility relation holds: 

V D,D'£L, V/£i, [D, D' ■ f] = D' ■ uj(D)(f) + [D, D'] ■ f 

Remark 2.16. As A is commutative, a Lie-Rinehart algebra can be considered as a right Lie- 
Rinehart algebra and viceversa. However, the enveloping algebra defined by the notion of right 
Lie-Rinehart algebra is different from that defined by a Lie-Rinehart algebra. 

Definition 2.17. Let (A,L,uj) be a right Lie-Rinehart algebra. The (right) universal enveloping 
algebra of L is the k-algebra 

V r (L) := T+(A®L)/l 

where T^(A © L) is the positive part of the tensor k-algebra over A © L and I is the two sided 
ideal in T^(A © L) generated by the elements 

a®b-ab , £ © a — £ • a , £ ® r? — t] ® £ — [£, rj\ , £ © a - a © £ — w(£)(a) 

for all a,b £ A , £, r] £ L . 



S 



Remark 2.18. Just like V l (L) , also V r (L) is a filtered ring, with increasing nitration {KT(-^)}„ e N 
being denned by V r (L) := A, V£ +1 {L) := V r n (V) + V£(L) ■ L for all n G N. In the following 
then Gr{V r (L)) will denote the graduate algebra associated with this filtration. 

Next result clarifies the link between left and right enveloping algebras of a single Lie-Rinehart 
algebra L . Hereafter, L op denotes the "opposite" Lie-Rinehart algebra to L — cf. Remarks 1 2 . 1 ) 
— while 21 op denotes the opposite of any (associative) algebra 21 . 

Proposition 2.19. Let L be a Lie-Rinehart algebra. Then the following holds: 

(a) The algebras V r (L) op and V l (L op ) are equal. 

(b) There exists an algebra isomorphism S : V (L) —>V r (L) op given, for all a ei , D eL , by 

a (->■ S(o) := a , D H> 3(D) := —D . 



2.2 Lie-Rinehart bialgebras 

We are now ready to introduce the notion of Lie-Rinehart bialgebra (cf. [26], [21], |17j). 

Definition 2.20. A Lie-Rinehart bialgebra is a pair (Lx,-^) of finitely generated projective A- 
modules in duality — that is, L\ = LjT an d -^2 — L\ — each of them being endowed with Lie- 
Rinehart algebra structures such that the differential d\ on [\ A L\ arising from the Lie-Rinehart 
structure on L2 = L\ is a derivation of the Schouten bracket on f\ A Li . Equivalently, d\ is a 
derivation of the Lie bracket of L\ , that is to say 

dx([X,Y]) = [di(X),Y] + [X,dt(Y)] V X,YeL 1 

In general, if L is a finitely generated projective A-module, then its linear dual L* (as an A- 
module) is finitely generated projective as well: in this case, in the following we shall say that "L 
is a Lie-Rinehart bialgebra" to mean that {L, L*) has a structure of Lie-Rinehart bialgebra, and 
we shall denote the differential of f\ A L mentioned above by d^* or 5l ■ 

Remarks 2.21. 

(a) The conditions of the theorems are equivalent to those with the roles of L\ and L 2 
interchanged (cf. [2T|V 

(b) It follows at once from the very definition that the differential Sl of L in a Lie-Rinehart 
bialgebra (L, L*J is uniquely determined by its restriction to A and L — the degree and degree 
1 pieces of /\ A L . 

(c) If (L,L*\ is a Lie-Rinehart bialgebra, we can read off the explicit relation between the 
Lie-Rinehart algebra structure of L* — that is, its anchor map lol* and its Lie bracket [ , ] L , - 
and the differential 8l of L through the following formulas: if D* , E* G L* , X G L and a G A , 

w z .(Z>*)(o) = (5 L (a),D*) 
(X,[D*,E*] L ,) + (6 L (X),D*AE*) = lj l .(D*)((X , E*)) - (E*)(( X , D*)) 

where ( , ) denote the natural pairing between L and L* . Indeed, one can use these formulas 
either to deduce lol* and [ , ] L , from Sl , or to deduce the latter from lol* and [ , ]r» 

(d) Lie-Rinehart bialgebras structures on a given (finitely generated projective) A-module L 
correspond to strict differential Gerstenhaber algebra structures on f\ A L (cf. [3T], [33] V 

(e) Let (L,L*) be a Lie-Rinehart bialgebra. Denote by d the differential on f\ A L* arising 
from the Lie-Rinehart structure on L and (= Sl) the differential on f\ A L coming from the 
Lie-Rinehart structure on L* . The base A inherits a natural Poisson structure as follows: 

{/,<?} := (df,d*g) V f,geA 

(see [3T], [33]); moreover, one has the identities [df,dg] = d{f,g} and d*{f,g} = —[d*f,d*g] . 
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(!) Let (L,L*) be a Lie-Rinehart bialgebra. Then (L°p,L*) , (L,(L*) op ) and (L°p,{L*)° p ) 
are Lie-Rinehart bialgebras as well. If we identify any Lie-Rinehart bialgebra, written as a pair, 
with the left-hand of the pair, say L = (L,L*) , then we shall also write L op = (L op ,L*) - 
the Lie-Rinehart bialgebra "opposite" to L — L coop = (L,(L*) op ) — the "coopposite" — and 
L°P oop = (L°p,(L*)° p ) — the "opposite-coopposite" . 

Example 2.22. r-matrices for Lie-Rinehart bialgebras. 

Let I be a Lie-Rinehart algebra, which is finitely generated projective as an A-module. An 
r-matrix of L is, by definition, any section A € f\ A L such that [X, [A, A]] = for all X 6 L . 

Any r-matrix of L defines a Lie-Rinehart bialgebra structure on it: the Lie bracket on L* is 
given by 

[t,ri] = C m r, ~ £a# v Z ~ d(A(€,tj)) V^eL* 

and the anchor is the composition po W : L* — > Der(A) where A* : L* — > L is defined 
by A#(£)(rj) := A(£,r]) for all ^, 77 e L* . The differential d L . : /\' A L — > /\' A +1 L is given 
by c?l» := [-, A] . Any such Lie-Rinehart bialgebra is called coboundary Lie-Rinehart bialgebra, 
in analogy to the Lie algebra case. In the special case where [A, A] =0 we call it a triangular 
Lie-Rinehart bialgebra. In the case where A reduces to k , i.e. L is just a Lie fc-algebra, A is an 
ordinary r-matrix in the sense of Lie (bi) algebra theory. 

When L is the space of global sections of the tangent bundle TP on a smooth manifold P, with 
the standard Lie algebroid structure, triangular Lie-Rinehart bialgebra structures on L correspond 
to Poisson structure on P ; thus we recover the geometric counterpart of Example 1 2. — cf. Ex- 
ample &2i(6). More in general, the space of global sections of a Lie bialgebroid is a Lie-Rinehart 
bialgebra (cf. 26J ) . 



3 Left and right bialgebroids 

Let again k be a field, and A a unital, associative fc-algebra. We define A e := A <g)fc A° v . 



3.1 A— rings, A— corings 

We begin this section introducing the notions of A-ring and A-coring, which are direct gener- 
alizations of the notions of algebra and coalgebra over a commutative ring. 

Definition 3.1. Let A be a k-algebra as above. An A-ring is a triple (H, mjj,b) where H is an 
A e -module, mji : H ® A H — > H and 1 : A — > H are A e -module morphisms such that 

• ran ° (toh <8) icln) = ran ° (idff <8> win) 

• making the identifications H (3a A ~ H and A ®a H ~ H , one has the identities 
ran ° (l® idn) = ran ° (idn <S> t) = idH 

It is well known (see [4]) that A-rings H correspond bijectively to fc-algebra homomorphism 
1 : A — > H . With this characterization, the yl e -module structure on H can be expressed as 
follows: a ■ h ■ b — i(a) h t(b) for all a, b £ A , h G H . 

The dual notion (of an A-ring) is the following notion of A-coring: 

Definition 3.2. An A-coring is a triple (C, A, e) where C is an A e -module (with left action La 
and right action Ra), A : C — > C (3a C and e : C — > A are A e -module morphisms such that 

• (A <8 id c ) o A = (id c ® A) o A 

• La o (e ® idc) A = Ra {idc 8e)»A = idc 
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3.3. A e — module structures and special products. Let A be as above, and consider now A e 
as base fc-algebra. An A e -ring H can be described by a fc-algebra morphism u : A e — > H . Let 
us consider its restrictions 

s := u{- ® k l H ) : A — >H , t := l(1 h (g> fe -) : A — > H 

which we call respectively source and target maps. Thus an A e -ring H carries two A-module 
structures and two A op -module structures: for all a, a' £ A, h € H , we write 

a t> h< a :— s{a) t{a) h , a ► h < a :— ht{a) s(a) 

As usual, the tensor product of H with itself (as an A-bimodule, i.e. an A e ~module) is defined as 

H^^H := H ® k H / {{u<ia)®u' -u®{at>u')} aeAuu , eH 

= H® k H/{ (t(o) u) ® u' - u ® («(o) «') } a£Aj u 

Now we define H < x ,>7J C <g> as follows: 



#«x & # := 



This x ,>i? is called the left Takeuchi product of the ^4 e -ring H with itself. 

A 

By construction, the Takeuchi product H < x ,>i/ has a natural structure of A e -module, induced 

A 

by that of <g> > H . Even more, H < x is also an A e -ring, via factorwise multiplication, with 

A A 

unit element 1 H ® 1^ and lh < x > h defined by lh < x ^h{o- ® 5) := s(a) g> i(a) . Note that this 

A A 

instead is not the case for H < ® . 

In a similar way, we can consider a second type of "Takeuchi product" . In order to easily 
distinguish it from the previous one, we shall now denote the base fc-algebra by B instead of A . 

Let B be a (unital, associative) fc-algebra; let H be a £? e -ring given by a fc-algebra morphism 
r\ r : B e — > H , a source map s r := if(—<8 1) and a target map t r := r) r (l ®— ) . We consider 
now the right i3 e -module structure on H given by h ■ ib <8> b) := h ■ if (b ® b) , for b,b G B , h E H . 
Then the tensor product of £T with itself (as a £?-bimodulc, i.e. a £? e -module) is defined as 

H+®+H := H® k H/ {{u<b)®u' -u®{b + u')} beBuu , eH = 
= H® k H/{(u s r (b)) <g> u' - u ® («' t r (6)) } 



1 beB, u,u'£H 



B B 

Now we define x C ® ^.i? as follows: 



This i/^ x ^.iJ is called the right Takeuchi product of the B e -ring H with itself. 



3.2 Left bialgebroids 

We introduce now the notion of left bialgebroid, as well as some related items (see [35], [25], 
[33] and [53J, Chapter 2, for a detailed history of this notion). We begin with the very definition: 
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Definition 3.4. A left A-bialgebroid is a k-module H that carries simultaneously a structure of 
an A e -ring (H, s £ , t e ) and of an A-coring (H, Ag, e) subject to the following compatibility relations: 

(i) The A e -module structure on the A-coring (H, A^, e) is that of t> H < , namely (for all a, a G 
A, h G H ) a > h<a :— s e (a)t e (a) h . 

(ii) The coproduct map A £ is a unital k-algebra morphism taking values in H^x^H . 

A 

(Hi) The (left) counit map e has the following property: for a, a G A, u,u' G H , one has 
e(s(a)i^(a)u) = ae(u)a , e(uu') = e(u s^(e(tt'))) = e(iti f (e(w'))) , e(l) = 1 

Remarks 3.5. A left bialgebroid has the following properties : 

(a) A e (s £ (a)) = s l (a)®l , A e (t e (a)) = l®t l (a) 

(b) If Ai(u) — tip) ® u (2)i then 

Ae(a\>u<a) = (a > U(i)) <E> (u(2) < a) , Ag{a ► u < a) = (um < a) (a ► W(2)) 

(c) e(s e (a))=a , e{t\a)) = a 

(d) H acts on its base algebra A on the left as follows (cf. |23|): 

u.a := f(iis'(d)) = e(ut e (a)) V ueH, aeA 

in fact, in the following we shall also use the notation u(a) := u.a (for all u G H , aeA). This 
may be called the left anchor of the left bialgebroid H ([34]). 

(e) t e (e{x)) ® 1 = ^(e(a; (1) )) (g) /(e(x( 2 ))) = 1 ® s £ (e(aO) for all x e H . 

(f) As a matter of notation, if (/J, A, s , i £ , A, e) is a left bialgebroid, we set H + := Ker(e) . 

Definition 3.6. Let % = (H, A, s £ , t l , A, e) and % — (H, A, s^, F, A, e) fee £u;o Ze/t bialgebroids. 
A morphism of left bialgebroids $ from % to % is a pair (/, F) where 

(a) f ■ A — > A is a morphism of algebras; 

(b) F : H — > H is a morphism of algebras and of coalgebras — that is, we have 

AoF=(f «F)oA , eoF = /oe; 

(c) Fos e = s e of, Fot e = i e of. 

We denote by (LBialg) the category of left bialgebroids, whose objects are left bialgebroids and 
morphisms are defined as above. Inside it, (LBialg^) is the subcategory whose objects are all the left 
bialgebroids over A , and whose morphisms are all the morphisms in (LBialg) of the form (id, F) . 

N.B. : the notion of left bialgebroid generalizes that of Hopf algebra. 

3.7. Twists of left bialgebroids. Let if be a left bialgebroid. Given $ = J^. Xi <S>yi G H <(g)> H 

A 

(with Xi, i/i G H ) , define s| : A — > H and t| : A — > H by 

4(«) = Ei^(*i(o))Wi » 4(°) = Ei^M )) 3 * 

Moreover, for any a, b G A set 

a*S & := 4( a )( & ) = T,i^i(a) Vi(b) 
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Proposition 3.8. (cf. \31$ ) Assume that $ € H ® H satisfies the following conditions: 

(i) (A ®id)(ff) -ffi i2 = (id® A)(ff)- ¥2,3 Mwide H®H®H 

A A 

(ii) m((e<g>id)(#)) = 1 H , m((id ® e)#) = 1 H 

where #1.2 = 3 <8> lj, S and #2.3 = 1 H # 6 H ® H ® H . Then one has 

A A ' A A 

ft • (4(a) ® V - 1^ ® Sff(a)) =0 inside if® if VaeA 

Moreover, if $ satisfies (i) and (ii) above, then 

(a) (A, *y) is an associative algebra, denoted A$ , and a*jl = a = l*ja /or all a £ i ; 

f&j s~ : — iJ is an algebra homomorphism and : Ay — > H is an algebra antihomo- 
morphism. 

Now let M be a module over if (as an algebra): then M has also a natural A e -module structure. 
If ^ is a twist of H, then M has also a natural A^-module structure. Consequently, if Mi and Mi 
are two iZ-modules, the tensor products Mi^^Mi and Mi< <g) >M2 are well defined. 

A A s 

Corollary 3.9. (cf. \31$ ) Let M\ and M2 be two left H -modules. Then 

# # : M x< ® t>M 2 — > M 1< (g> r> M 2 , mi®ro 2 ^?' (mi ® m 2 ) 

is a weZZ defined k-linear map. 

We say that 5 is invertible if 3^ is a fc-vector space isomorphism for any pair of left H— 
modules Mi and M2 ■ In this case, in particular, we can take M\ = M2 = H so that we have an 
isomorphism of fc-vector spaces : H ®H — > H ®H . 

A s A 

Definition 3.10. An element 5 € H®H is called a twistor (of H) if it satisfies equations (i) 

A 

and (ii) in Proposition Iff.ffl and it is invertible. 

Assume now that J is a twistor of H . Then we may define a new coproduct A5 : H — > H ®>H 

of H by the formula Ag(x) := (S^) (A(x)-3 r ) • The key result is then the following (see [34]): 

Theorem 3.11. Let (iJ, A, s e ,t e , m, A, e) 6e a Ze/Z bialgebroid. Then (H,A,Sjr,tjr,m,Ajr,e) is a 
left bialgebroid too. 

3.12. Left bialgebroid structures on universal enveloping algebras V (L) . Given a Lie- 
Rinehart algebra L , there is a standard left bialgebroid structure on V l (L) . 

Source and target maps are equal and given by la '■ A — > V*(L) . Then the A e -modulc 

structure > V e (L) < is given by a>u<a := aau . The coproduct Ag : V i {L) — > V (L) K ® > V e (L) 

A 

and the counit map e : V (L) — > A are determined by 

A t (a) = a®l, A e (X) = X®1 + 1®X , e(a) = a , e(X) = Vaei^ei 

Remark that the anchor map w endows A with an obvious left T^(L) -module structure, given by 
u.a :— Lu(u){a) for all u <E V (L) , a € A, that coincides with the anchor of the left bialgebroid 
V e (L) . More in general (see [23]), left V (L)-module structures on A correspond to left bialgebroid 
structures on V e (L) over A. Indeed, one has e(u) = u ■ 1 for all u G V (L) and 

A{(a)=a^l , A e (X) = X® 1 + 1®X - e(X) V aeA, X eL 

Finally, one can recover the anchor of L from the left bialgebroid structure of V l (L) as follows: 

u) L {X)(a) = e v i {L) (Xa) for all X € L , a E A 
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Remark 3.13. Let (A, L) and (A',L') be two Lie-Rinehart algebras. Endow V e (L) and V l {L') 
with their standard left bialgebroid structure. A Lie-Rinehart algebra morphism from (A, L) to 
(A' , L') as it was defined in [TB] — see also "morphisms of Lie pseudo-algebras" as they are defined 
in [14] — gives rise to a left bialgebroid morphism from V e (L) to V (L') . 

Our next theorem is a suitable version for left bialgebroids of the well-known Cartier-Milnor- 
Moore theorem (for Hopf algebras). A similar result is given in [25], yet in this paper we do need 
(later on) that kind of result exactly as stated here below. 

Theorem 3.14. Assume that A is a unital commutative algebra over the field k . 

(a) Let (U, A, s e ,t £ , A(, e) be a left bialgebroid such that s £ = t . Set 

P e (U) := {ue U\ A e {u) =w(g)l + l®u} 

(the set of "left primitive elements" of U ). Then the pair (A, P^(U)J is a Lie-Rinehart algebra. 

(b) Assume in addition that sg is injective, P (U) is projective as an A-module, and P e (U) 
and s e (A) generate U as an algebra. Then U is isomorphic to V e (P f as a left bialgebroid. 

Proof, (a) On P (U) we set the following A-module structure: a ■ D :— s l (a)D for all a e A , 
D S P e (U) . Moreover, if D,D' e P e (U) then [D,D'] := D ■ D' - D' ■ D e P e (U) , by direct 
check: this defines a Lie bracket on P £ (U) . Finally, we define ui : P l (U) — > Der(A) by 

It is proved in [53] (Proposition 4.2.1) that [A, P e (U), lo) is a Lie-Rinehart algebra. 

(b) By assumption, the natural algebra morphism from T k (A © P l (U)) to U is surjective 
and it induces a surjective algebra morphism / : V e (P e (U)) — > U . As P l (U) and s l (A) generates 
V 1 (P^(C/)) as an algebra, this map is also a morphism of corings. By the same argument as in [27] . 
Lemma 5.3.3, we will show that / is also injective because f\ P tnj) ^ s m j ec tive (which is obvious). 

Consider the following (increasing) filtration {C n } n£N of V e (P e (U)) : Co := A , C\ := 

n 

A + P e (U) , . . . , C„ := A + P e (U) + ■■■ + (P^U)) 71 , . . . ; then one has A(C„) =^C p ® C*„_ p , 

n-l 

and if c € C n then A(c) — c®l + l®c + y for some y 6 ^ C p ® C n - P . 

P =i 

We will show that f\ c is injective for all n e N , by the same arguments as in [2 7) . 

We know that f\ Ci is injective by hypothesis. So now assume that f\ c is injective, for some 
n > , and choose x € C„+i . One has A(x) = x (g> 1 + 1® x + y with y G C n ® C n : thus 

A(/(aO) - (/®/)(A(i)) = /(x)®/(l) + /(l)®/(x) + (/®/)(y) 

If x 6 Ker(f) , then (/ ® f)(y) = . But / ® / is injective on C„ C n (as C„ is projective) so 
y = . Then x G P e (U) , and of course / is injective on P^(U) : thus x = and / is injective. □ 

Remarks 3.15. (a) We can improve a little the previous result as follows : Assume that A is 
commutative and let (U, A, s l ,t e ,Ai, d) be a left bialgebroid such that s e — t e and s e is injective. 
Let Q C P l (U) be a left Lie-Rinehart subalgebra of P (U) such that 

/i/ Q is a projective A-module; [Uj Q and A generate U as an algebra. 

Then U is isomorphic to V^(Q) as a left bialgebroid, and Q — P e (U) . 

(b) Under the conditions in Theorem 13. 141^ 6 ). any left bialgebroid structure on V (L) can be 
seen as the standard left bialgebroid structure of some well chosen Lie-Rinehart algebra. 
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3.3 Right bialgebroids 

Just like for left bialgebroids, one can consider the notion of right bialgebroids. We shall now 
introduce this theme, first considered in [T8]. Hereafter B is a (unital, associative) /c-algebra, and 
we use notations as in § 13.11 

Definition 3.16. A right B -bialgebroid is a k-module H that carries simultaneously a structure of 
a B e -ring (H, s r , t r ) and of a B-coring (H, A r , d) subject to the following compatibility relations: 

(i) The B e -module structure on the B-coring (H,s r ,t r ) is that of *.H^ , namely (for all 
6,6 G B, he HJ b + h<b := hs r (b)t r (b) = hr/(b®b) . 

B 

(it) The coproduct map A r is a unital k-algebra morphism taking values in H^x^H . 

(Hi) The (right) counit map d has the following property: for all b,b G B, u,u' G H , one has 

d(us r (b)t r (b)) = bd{u)b , d{uu') = d(s r (d{u)) u 1 ) = d(f (d{uj) u') , 3(1) = 1 

Remarks 3.17. A right bialgebroid has the following properties : 

(a) A r (s r {b)) = l®s r (b) , A r (t r {b)) = t r (b)®l 

(b) If A r (it) = ® u (2) then 

A r (bt>u<b) = (u {1) <b) ® (bt>u {2) ) , A r (b>u + b) = (b ► ) (8i (w (2) + b) 

(c) d(s r (b)) = b , d(f(b)) = b 

(d) H acts on its base algebra B on the right as follows: 

b.u := d(s r (b) u) = d(t r (b) u) V b G B , u G H 

(e) s r (d{x))®l = s r (d(x (1) )) ®t r (d(x {2) )) = l®t r (d(x)) for all x G H . 

(f) As a matter of notation, if (if, A, s r , t r , A, d) is a right bialgebroid, we set H + := Kcr(d) . 
N.B.: in literature, right bialgebroids are also called x B -bialgebras. 

Definition 3.18. Let U = (H, B, s r , t r , A, d) and H = (H , B, s r , t r , A, d) be two right bialge- 
broids. A morphism of right bialgebroids $ from % to % is a pair (/, F) where 

(a) f : B — > B is a morphism of algebras; 

(b) F : H — > H is a morphism of algebras and of coalgebras — that is, we have 

Aof = (F®F)oA , doF = f od ; 

(c) Fos r = s r of : Fot r =i r of. 

We denote (RBialg) the category of right bialgebroids, whose objects are right bialgebroids and 
morphisms are defined as above. Inside it, (RBialg^) is the subcategory whose objects are all the 
right bialgebroids over A and whose morphisms are all those in (RBialg) of the form (id , F) . 

Remarks 3.19. (cf. [23] ) 

The "opposite" of a left bialgebroid U — (U,A,s e ,t e ,Ae,e) is given, by definition, by U op :— 
(U op , A, tr, s , Ai, e) . This can be shown to be a right bialgebroid whereas its "coopposite" , given 
by U coop := (U, A°p, t*, s £ , A c e oop , e) with A\°° v thought of as a map 

U > >{/ ®A°p , BH U( 2 ) ® W(l) if A(u) — ® M( 2 ) 

is still a left bialgebroid. As a consequence, U° p op is a right bialgebroid. 
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3.20. Right bialgebroid structures on universal enveloping algebras V r (L) . Given a Lie- 
Rinehart algebra L, now considered as a right one, its right universal enveloping algebra V r (L) 
bears a natural structure of right bialgebroid over A . In order to describe it, one can mimick 
stepwise the construction of the canonical left bialgebroid structure in V e (L) . Alternatively, one 
can proceed as follows. First, we have an algebra identification S : V r (L) = V i (L)° p by 
Proposition ^. 191 As V e (L) is a left bialgebroid, its opposite V e (L)° p is a right bialgebroid. Then 
we pull-back — via the previous algebra isomorphism — this right bialgebroid structure onto 
V r (L) , so that V r (L) = V e (L)° p as right bialgebroids over A . 

More explicitly, let us use notation (V (L), A, se, tt, Ae, ej for the given left bialgebroid struc- 
ture on V (L) , and similarly (V r (L), A, s r ,t r , A r ,d) for the right bialgebroid structure we have 
to fix on V r (L) ; moreover, let 3 be the suitable algebra anti-isomorphism as in Proposition 12.191 
Then 

s r :=~oti , f:=Sos £ , a^eoT 1 , A r := (SgSjoAoT 1 

In another language, the j4 e -module structure *.V r (L)^ is given by a ► u < a :— uaa . The 

coproduct A r : V r {L) — > V r (L) < ® > V r (L) and the counit d : V r (L) — > A are determined by 

A 

A r (o) = o®l, A r {X) = X®1 + 1®X , d(a) = a, d(X) = V a e A , X e L 

Note also that the right V rr (i)-module structure on A determined by this structure is given by 
u.a:= ((woS- 1 )(u))(a) for all u € V r {L) , a £ A. 

Finally, one can recover the anchor of L from the left bialgebroid structure of V r (L) as follows: 

w L (X)(a) = -d v r (L) (a X) for all IeL, a G A 

We also have an analog for right bialgebroids of Theorem 13.141 

Proposition 3.21. Assume that A is a unital commutative algebra over the field k . 

(a) Let (W, A, s r ,t r , A r ,d) be a right bialgebroid such that s r = t r . Set 

P r (W) := {w<E W\ A r (w) =w®l + l®w} 

(the set of "right primitive elements" of W ). Then the pair (A, P r (W)) is a right Lie-Rinehart 
algebra for the following right action and anchor map 

w.a:=ws r (a) , w(D)(o) := ~d(s r (a) D) , V w e W , V D € P r {W) , V a e A 

(b) Assume in addition that s r is injective, P r (W) is projective as an A-module, and P r (W) 
and s r (A) generate W as an algebra. Then W is isomorphic to V r (P r (W)) as a right bialgebroid. 

The proof of this theorem is a variation of the proof of Theorems 13.141 

Remark 3.22. We can improve a little the previous result as follows. Assume that A is commu- 
tative and let (W, A, s r ,t r ,A r , d) be a right bialgebroid such that s r = t r and s r is injective. Let 
Q Q P r (U) be a right Lie-Rinehart subalgebra of P r (U) such that 

[i] Q is a projective A-module; [ii] Q and A generate W as an algebra. 
Then W is isomorphic to V r (Q) as a right bialgebroid, and Q = P r (W) . 

3.4 Hopf algebroids 

The following definition is due to Bohm-Szlachanyi ([S],[3], see [23] for a survey). 

Definition 3.23. Let A and B be two k-algebras and H a k-module. A Hopf algebroid structure 
on H consists of 

(1) a left bialgebroid structure H — (if, A, s , ir, Ag , e) on H over A , 

(2) a right bialgebroid structure H r = B, s r , t r , A r , <9) on H over B , 

(3) a k-module map S : H — > H , 
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and these structures are subject to the following compatibility axioms (V a, a' €A, b,b' €B, h S -ff ) : 

(i) the underlying k-algebra structure on H in (1) and (2) are the same, 

(ii) s o e o t r = t r , ir o e o s r — s r , s r o d o ir — ir , t r o d o s^ = s 
(Hi) twisted coassociativity holds, that is to say 

(A e (g) id H ) o A r = (id H ® A r ) o A e , (A r <g> id H )Ag = (id H <8> At) o A r 

(iv) S(t £ (a)ht l (b)) = s e (b)S(h)s l (a) , S (t r (a) h t r (b)) = s r (b) S (h) s r (a) 

(v) m H o (5 ® ida) o A( = s r o 9 , m H o (id H 8S) ° A r = s £ oe 
X7ie map iS : H — > H is called the antipodc of H . 

Remarks 3.24. 

(a) When using E-notation, we shall adopt lower indices for the left coproduct Ag and upper 
ones for the right coproduct A r : in other words, for any h G H we shall write Ap(h) = (£)h( 2 ) 
and A r (h) = hS 1 ' ® . In these terms, the twisted coassociativity is expressed, for h s H , by 

h(1 (i) ® ft(1 (2) ® fc(2) = fyi) ® ) ® fyif and ft (i) 1) ® ft (i ( f ® ft (2) = h(1) ® ft(2 (i) ® ^(a) 
and similarly the identities in (i/) read S(hm)h(2) = sr {d(h)) and foW S(h^) = s e (e(h)) . 

(b) The images of s l andt r , as well as those of s r andt e , respectively, are coinciding subalgebras 
inside H . 

(c) It follows from definitions that n := d o s e : A op — > B and v := d o ir : A — > B op 
are isomorphisms of algebras. Moreover, one has /i -1 = e o t r . B — > A op and v~ x =tos r : 
B°p — > A. 

(c) If(H l ,H r ,S) is a Hopf algebroid, so is {{H-) c p opl (H l Y p op ,S). 

Theorem 3.25. (cf. We keep the notation of the previous definition. 

(a) The pair (5, e o s r ) is a left bialgebroid homomorphism from H l to {H r )°^ oop ■ 

(b) The pair (S 1 , d o s^) is a left bialgebroid homomorphism from {H r )° c ^ op to H l . 

For alternative definitions of a Hopf algebroid, we refer the reader to [25] and [19] . 

3.26. Left Hopf algebroids. Left Hopf algebroids (called "x^-Hopf algebras" in [21]) are a 
generalization of the notion of Hopf algebra. Given a left bialgebroid U over A , define the so- 
called (Hopf-)Galois map of U as +.U ® U < — > U^®^U, Um ® ur 2 \ v , where 

A°p A 

► U® Uo := U ®U Span({ (a ► it) <g> « - u <g> (w < a) u,v £ {/ , a£ij) 

For bialgebras over fields, it is easily seen that /3 is bijective if and only if U is a Hopf algebra, 
with /3 _1 (it (S> «) = it(i) ® S'(w(2)) w where S" is the antipode of [/ . This motivates next definition: 

Definition 3.27. A left A-bialgebroid U is called a left Hopf algebroid (or a x^-Hopf algebroid) 
if the map /3 considered above is a bijection. As a matter of notation we shall then adopt the 
following (S-like) notation: u+ := j3~ l (u® 1) for all uEU . 

N.B.: the following property then holds: (uv) , §5 (uv)_ = u + v+ ® v for any u,v E U . 

The notion of left Hopf algebroid was introduced in [3T], under the name of x^-Hopf algebras; 
here instead we adopt the conventions and terminology of [53] > Ch. 2 (where a detailed history of 
this notion can be found). 

Example 3.28. If L is any Lie-Rinehart algebra, then its enveloping algebra V(L) , endowed with 
its standard bialgebroid structure, is a left Hopf bialgebroid, whose map f3~ l is given on generators 
by a + ®a^=a®l ( V a e A) , X + ®X-=X®1-1®X (VXel). 

The link between Hopf algebroids and left Hopf algebroids is the following (cf. [23 , §2.6.14): 
Proposition 3.29. Every Hopf algebroid is a left Hopf algebroid. 
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3.5 Duals of bialgebroids 

We shall now consider left and right duals of (left and right) bialgebroids, and investigate 
their main properties. To begin with, we introduce the notions of left dual and right dual of a left 
bialgebroid; later on, we shall give the parallel definitions for right bialgebroids. 

Definition 3.30. 

(a) Let U be a left A-bialgebroid, with structure maps as before, 
(a.l) The left dual of U is the space 

[/» := {<j>:U — > A\ 4>{u' + u") = (j>{u') +<f>(u"), <j>(s\a)u) = a4>{u) } = Hom A ( > U , A A) 

(a. 2) The right dual of U is the space 

U* := {<j>:U — > A\<j}{u' + u") = cf>(u') + <p(u") , (j)(t l {a)u) = a } = Horn a (U < . A a) 

(b) Let W be a right A-bialgebroid, with structure maps as before, 
(b.l) The left dual of W is the space 

:= {ip:W — > A\i>(w'+w") = ?p(w')+ijj(w") , iP(wt r {a)) =atp(w)} = Hom A (^W , A A) 

(b.2) The right dual ofW is the space 

*W := {tp:W — > A\i)(w'+w") = i)(w')+ip(w") , ip(ws r (a)) =ip(w)a} = Hom A (W*,A A ) 

3.31. Bialgebroid structures on dual spaces. Let U be a left A-bialgebroid as above. 
We shall now introduce on its dual spaces U* and U* a structure of right A-bialgebroid; most of 
the structure is well-defined in general, but for the coproduct we need an additional assumption, 
namely U as an A-module (on the left, or the right, see below) has to be projective. 

Product structure : First we recall (see [18] , and also [23] for a nice exposition) that {/* and 
U* can be equipped with a product, for which the counit map e is a two-sided unit. For any 

<p, 4>' G C/» and ip, ip' G U* set 

(<t><t>')(u) = mu„((f><g>4>')(u) := 0'(m t/ o P (id(K>(^o0))(A £ (w))) = 0'(i £ (^(u (2) )) • u (1) ) 
= == iP , (m u ((s e ot/;)®id)(At(u))) = ^ { S l {^{u (1) )) ■ u (2) ) 

for every u G U , with (it) = um ® U( 2 ) . 

A-module structures : For the left dual space U* , the left dual source map si : A — > U* and 
the right dual target map : A — > U* are defined as follows: 

(sl(a))(u) := e(t e (a)u) = e(u) a , (*U(o))(«) := e(ut e (a)) V a G A , u G U . 

Then one has, in the usual way, two left and two right actions of A on [/* , given by 

(a>4>)(u) := (»:(o)0)(u) = 0(t e (a)u) , (0<o)(u) := (tl(a) <£) (u) = <)>{ut l {a)) 
(«►</>)(«) := (cj)tl(a))(u) = <p(us e (a)) , (cj> A a)(u) := (cj>sl(a))(u) = <p{u)a 

Similarly, for the right dual space U* the left dual source map s* : A — > U* and the right 
dual target map t* : A — > U* are defined as follows: 

(s*(a))(u) := e(us f (a)) , (t*(a))(u) := e(s £ (a)u) = ae{u) Voei, uEU . 

Then one has, like before, two left and two right A-actions on U* , given by 

(a>ip)(u) := ( S ;{a)ip){u) = ijj(us e (a)) , (^<o)(«) := (t* r (a) ip) (u) = ip(s e (a)u) 
(a>ijj)(u) := (ipt*(a))(u) = ai/j(u) , (ip -4 a)(u) := (tps*(a))(u) = %p(ut e (a)) 
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Coproduct structure: Now assume that >£/ as an A-module be projective, Then we shall now 

endow the left dual U* with a coproduct A r which — together with the previously introduced 
structures — makes it into a right bialgebroid. 

Consider the injective map x ■ U* + ® — > Hom( A ,-){>{U+® > U) , A A) given by 

4>®4>' h- x{4> ® <t>') ® «' x(0® 0')( u := 0'( us *(</>( u ')))) 

Now, if [/ is finite projective (as an A-module) then the previous map is even an isomorphism. 
If instead U is projective but not finite, one can endow U*^® ►£/* with a suitable topology 
(typically, the "weak" one), and denote by £/*^<g>*.£7* the corresponding completion: then the 
above map extends — by continuity, using the notion of basis for a projective module (cf. [2]) — 
to an isomorphism from [/* ^ <g> ^ ?7* to Hom^A .-) ( >{U^ ® t>U ) , aA) . This allows us to define a 
coproduct A r on U* as the transpose of the multiplication on U , namely 

A r : U* — >■ Hom {A .-)(>(U<,(g) [> U) , A A) = J7*^®^C7* 

4> M> A r (0)(u®w' H> <t>(uu')) 

This coproduct makes J7* into an A-coring, with counit 77* : J7* — > A given by »y*(</>) := 0(1) ■ 

Similarly, if t/< as an A-moduie is projective. Then for its right dual U* a coproduct is denned 
as follows. Consider the injective map d : U^® — > Hom^_ A ) ( (U<® >U) < , Aa ) given by 

ip®ip' H> <g> u' H> ■&(ip®ip')(u® v!) := ip(u' t e (ip'(u)))^ 

Again, if U is finite projective (as an A-module) then this map is an isomorphism. If instead U 
is projective but not finite, one can endow U%0 *.U* with a suitable topology (like the weak 
one), and denote by U*+® *-U* the corresponding completion: then the above map extends - 
by continuity — to an isomorphism -d from U\® to Hom^A) ( (U<® >U) < , Aa ) • Thus we 
can define a coproduct A r on U* as the transpose of the opposite multiplication on U , namely 

A r :U* — ► Hom { _ !A) ((U < ®*U) < ,A A ) = U\®+U* 

This makes f7* into an A-coring, which has counit <9* : {/* — 5. A given by d*(ip) := "0(1) . 

Conclusion : If [/ is any Jeft bialgebroid over A , projective as an A-module, then U* and U* 
with the structures introduced above are both right bialgebroids over A : indeed, to be precise they 
are topological bialgebroids, in that their coproduct take values in a (suitably) topological tensor 
product, rather than in the "plain" one. Clearly, one can formalize all this by saying that they are 
bialgebroids in a suitable tensor category; we leave this task to the interested reader. 

Similarly, we consider the case of a right A-bialgebroid W , and we introduce canonical struc- 
tures of left A-bialgebroids on its left and right dual spaces »W and *W : indeed, everything is 
strictly similar to what occurs in the previous case for U, so we skip details. 

Notation: in the following, we shall also use the following, standard notation: if v is an element 
of some (left or right) A-module, and <j> is an element of the (left or right) dual of that module, 
then we shall write (0, v) := 4>(v) or (y, <ft) :— 4>(v) . 

Remarks 3.32. 

(a) If U is a left bialgebroid which is projective of finite type as an A-module, then it is 
isomorphic to *(£/*) and to *(U*) — as a left bialgebroid. This follows from the following equalities: 

(u , 0s*(a)y = (u,(f>)a which shows that U C *(f7») 
(u,cj)t*(a)) = a(u,(f>) which shows that U C *(U*) 

(b) If >[/ as an A-module is free, of finite type, with A-basis {e± , . . . , e„} , then we define 
el £ (/, by ( ej , e\ ) = S^j . Then {e* , . . . , e^} is an A-basis of (t/*)^ and {e\ , ... , e„} is 
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an ^4-basis of *({/*) . This shows that U = *(U*) whenever is a finite free A-module. This 
can be extended to the case where >t/ is only a finite type projective j4-module (using the notion 
of basis for a projective A-module, cf. [2]). 

We introduce now the vocabulary of "pairings", which provides us with another tool to deal 
with linear duality among bialgebroids. The natural pattern is the familiar one of "pairings" or 
"matchings" in Hopf algebra theory. 

Definition 3.33. (a) Let (U,sg,tg) and (W, s r ,i r ) be two A e -modules . An A e -left pairing is a 
k-bilinear map ( , ) : U x W — > A such that, for any u £ U , w 6 W and a E A , one has 

(u,a>w) — (m, s r (a)w) = (ti{a)u,w\ = (u<a,w) 

(u,w<a\ — (it ,t r (a) w) = (uti(a) , id) = (a>-u,w) 

(u,a>-w) = ( x u,wt r (a)') = (usi(a),ui) = (uMa,w) 

(u,wAa) = (u,ws r (a)') = (u,w)a 

(at>u,w') — ( s e (a) u , w ) = a(u,w) 

Then there exist natural morphisms of A e -modules W — > [/* and U — > *W . The pairing is 
non degenerate if the left and right kernels of this pairing are trivial, that is to say 

(u,w)=0, VweW =^> u = 
(u,w) = , V u G U ==> w = 

In other words, the pairing is non degenerate if and only if the above maps W — > U„ and 
U — > *W (which are morphisms of A e -modules) are injective. 

(b) Let {U,s t ,t l ^j and (W,s r ,t r ) be two A e -modules. An A e -right pairing is a k-bilinear map 
( , ) : U x W — > A such that, for any u £ U , w £ W and a £ A , one has 

(u,w<a) = (u,t r (a)w) = (s(a)u,w) — (a>u,w) 

(u,a>w) = (w, s r (a)ui) = («s'(«),«i) = (u<a,w) 

(u,w-4a) = (it,ws r (a)) ~ ( ut i {a) ,w) = (u<a,w) 

(u,a>-w\ = (u,wt r (a)) — a(u,w) 

(u<a,w) = (i £ (a)it,w) = (u,w)a 

Then there exist natural morphisms of A e -modules W — > U* and U — > *W . The pairing is 
non degenerate if the left and right kernels of this pairing are trivial, that is to say 

(u,w)=0, VroeW =^> u = 
= , V u G U =/■ w = 

In other words, the pairing is non degenerate if and only if the above maps W — > U* and 
U — > *W (which are morphisms of A e -modules) are injective. 

Definition 3.34. 

(a) Let (U, se, tg, A, e) be a left A-bialgebroid and (W, s r , t r , A, 77) be a right A-bialgebroid. A 
bialgebroid left pairing is a non degenerate A e -left pairing / , y : U x W — > A such that, for 
any u,u' € U and any w,w' € W , one has 

(uu',w) = (u, W( 2 )t r ((u', ))^ = (us t ((u', )) , W(2)^ 

(u,ww') = (t e ({u {2) ,w))u (1) ,w'^ = (u (1) , s r ({u (2) , w)) w' ^ 

(u,l) = e(u) , (1, w) = n(w) 

In other words, the natural maps W — > U* and U — > *W are (injective) morphisms of right 
and left bialgebroids respectively. 
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(b) Let (U)S ,t , A, ej be a left A-bialgebroid and (W, s r , t r , A, rfj be a right A-bialgebroid. A 
bialgebroid right pairing is a non degenerate A e -right pairing ( , > : U X W — > A such that, for 
any u,u' € U and any w,w' € W , one has 

(uu',w) = (ut e ((u' , W( 2 ))) , W(i)j = (u, w {1) s r ((u' , u; (2 ) ))^ 

(U,WW') = , w)) U( 2 ) , If/ ^ = ^U( 2 ) , tr((u (1 ) , w)) w' \ 

( u , 1 ) = e(it) , (l,w) = 77(10) 

In other words, the natural maps W — > U* and U — > „W are (injective) morphisms of right 
and left bialgebroids respectively. 

Next result should come as no surprise: 

Proposition 3.35. 

(a) Let (U,se,ti) and (W,s r ,t r ^J be two A e -rings and ( , ) :UxW — > A be a non degenerate 
A e -left pairing. If (U, sg, tA is a left bialgebroid, then there is at most one right bialgebroid structure 
on (W,s r ,t r ) such that ( , ) is a bialgebroid left pairing. Similarly, if (W, s r ,t r ) is a right 
bialgebroid, then there is at most one left bialgebroid structure on (U,8t,tA such that ( , ) is a 
bialgebroid left pairing. 

(b) Let (U, s e , t £ ) and (W, s r , i r ) be two A e -rings and ( , > : U X W — > A be a non degenerate 
A e -right pairing. If (if, s^,tP\ is a left bialgebroid, then there is at most one right bialgebroid 
structure on (W,s r ,t r ^J such that ( , ) is a bialgebroid right pairing. Similarly, if (W,s r ,t r ) is a 
right bialgebroid, then there is at most one left bialgebroid structure on (U,s e ,t e ^ such that ( , ) 
is a bialgebroid right pairing. 

Remark 3.36. Let U be a left bialgebroid. Then the left bialgebroids {U*) c p oop and *(t/ c ° %) are 
isomorphic: indeed, the right A e -pairings between U and U* and between *(U°^ op ) and U°% give 
rise to the same formulas. Similarly, the left bialgebroids (J7*)coop and *(U°^ op ) are isomorphic. 



3.6 The jet space(s) of a Lie-Rinehart algebra 

3.37. Bialgebroids of jets: the right version. Let (L, A) be a Lie-Rinehart algebra, projective 
as an A-module. Consider its enveloping algebra V £ (L) endowed with its trivial left bialgebroid 
structure and define the right jet space of the Lie-Rinehart algebra L as 

J r (L) := V e (Lf = Hom^A^V^L^^A) 

From M3.31I we know that a multiplication in J r (L) can be given as follows: 

{4>4>'){u) = <t>{u {x) ) <t>' {u {2) ) V 4>,4>' £ J r {L) , u 6 V l {L) , where A(u) = u (1) ® u (2) 

In particular, this multiplication is commutative in J r (L) , and the unit element of J r {L) is the 
counit map of V e (L) . Moreover, the map d — d,, r(L) : J r {L) — > A , <p M> d{<p) :— (f>(l v e {L) ) , will 
play the role of the counit map of J r (L) ; hereafter, we write Zj^-(l) '■= Ker(d jr(L) ) . Moreover, we 
have a structure of A e -ring on J r (L) , whose source and target maps are given — for all a e A , 
u E V l (L) — by the formulas (s r (a))(u) := e(us e (a)) , (t r (a))(u) :— e(s £ (a)w) = ae(u) . 

In order to define a coproduct on J r {L) :— V e (L)* we implement the construction in £13.311 
again. Indeed, consider the (increasing) filtration {Kf(-k)} ngN of V e (L) introduced in Remark 12. 8) 
dually, define 

J r n (L) := Hom { _^ A) (V^L)^A A ) , J r (n) (L) := { e Hom^_ A ) (V t (L) < , Aa) \ 4>\ v i {L) = } 

for all n G N, so that restriction yields natural monomorphisms p n : J r (L) j J^(L) < — > J„(L) , 
and {J( n }{L)} ^ is a decreasing filtration in J r {L) . 
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By our overall assumptions, L is finite projective (as an A-module); it follows that every 
V%(L) and J^{L) are finite projective too, and each monomorphism p n as above is actually an 
isomorphism. As V e (L) = limV^(L) , one has 

n 

J r (L) := Hom A (V*{L)^A A ) = Horn a ^lim V£(L) < , AaJ = lim (Hom A (Vf l (L) < , A A fj = lim J r n {L) 

n n n 

i.e. J r (L) is the inverse limit of the J^(L)'s. The decreasing filtration {J^(L)} N defines a 
topology in J r (L) , for which J r (L) itself is automatically complete, as J r (L) = lim ■/£(£) . It is 

n 

worth remarking that J^(L) = (Vn € N) , so that {■/(„)(-£)} eN is — up to a shift - 

nothing but the -Jj^io-adic filtration of J r (L) — see, e.g., [5], §4.2.5. 

Similarly, we can consider in V l (L)^® ^V 1 ^) the increasing filtration 

{(vHL)^^(L)) n := ^rW^^ti)}^ 

and dually define Hom^" A) := | ^ effom ( _ >A) ((F*(L)<(g),y <! (Z)) <] , A A J ^| (y(!(i)<](8> _^ (L))ji = °} 
for all ri G N: this yields a decreasing filtration {ffom^™ 4 ^ ) } ^ inside (^(X)^® ^.V^L))* := 

ffom^^f^ (£)<«> „^(L)) < , A A ) , and this filtration defines a topology in (V^L)^ ^V e {L))* . 
By construction, together with the finite projectivity assumption on L , one has 

(V e (L)«®»V e (L)f = (vm(V t {L) < ®»V l (L)) n y = 

n 

= Km (^(V e (L) < ® > .V e (L)) r ^j* = lim (V 1 ^® »V\L))* 
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n 

so that (V"*(.L)<® ( .V r£ (i))* is complete for that topology. 

Now consider the injective map : J r {L) A ®^J r {L) = V^£)* ®^L)* — ■+ (V^£)<®».V^(L))* 
given (as in by V®^' >-> ^("0 ® "0') ( « ® u' H> ® i>') (it ® u') := ^{u't l (il}'(u))) \ . 

Consider in J r (L)^)^J r (L) the J^-adic filtration, with 3® ■— Zj^(l)® J r {L) + J r {L)®2.r(L) = 
Ker (9jr (1) (g)9jr (i) ) , and the corresponding topology defined by it in J r {L)^® ^.J r (£) ; then denote 
by J r (L) M <£> > .J r (L) the 3®~adic completion of J r \L) ^® ^J r \L) . One has ) C Hom^ 

for all n , directly by definitions, so that •& is continuous (for the topologies considered above), hence 
it extends to a continuous monomorphism z9 : J r (L) ^® ^J r {L) — >• (V (L)^® „V^(Z/)) . By the 
finite projective assumption on L , one sees — through the Poincare-Birkhoff-Witt Theorem, etc. — 
that all the natural maps z9„ : (J r (L)„ ® ^ J r (L)) — ► (V < (£) < ® > .V*(i))*^iroin^ ) 

induced by i? (for each n £ N ) are all isomorphisms; as a direct consequence, the completion $ : 
J r (L) ^® ^.J r (L) — > (V"^(L) < ® ^V^(£)J is an isomorphism as well. Therefore, we can complete 

the procedure explained in £13.311 and define a coproduct A : J r (L) > J r (L) ^<g> . J r (L) on 

J r (L) := V e {L)* as A := iT 1 o V where V : J r (L) := V e {L)* — > (V^L)^® ^{L))* is given 
by V : ip h-> V(-0) (ti® u' m> ij}(u' uj) for all ^ £ J r (L) , u,u' E V e (L) . As an outcome, using 
S-notation to denote the coproduct of an element, we have (for all ip G J r {L) , it, it' G V e (L) ) 

A(V>) = ® V>(2) e J r (L) A ®^J r (L) with ^ (1) (m^(^ (2) (u'))) = ^(W) 

This A makes J r (L) into a (topological) A-coring, with counit map d = d,,r {L) : J r (L) — > A given 
as above by 4> i-> 9(0) := 0(l v i (i) ) . All in all, this makes J r (L) into a right bialgebroid over A . 

Finally, we stress the point that the natural pairing (given by evaluation) between the left 
bialgebroid V e (L) and the right bialgebroid J r (L) :— V l {L) is a bialgebroid right pairing, in the 
sense of Definition 13.341 

As J r {L) is commutative, it is equal to J r (L) op and can be considered as a left bialgebroid. 
Now introduce the map S : J r (L) — > J r {L) defined (with notation of ^3.27p by 

S{<t>){u) := e vHL) (u+ 0(«_)) V G J r (L) , V u G V e (L) 
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Theorem 3.38. (see \23f , ft^, \29j ) Let L be a finite projective Lie-Rinehart algebra. Then 
(j r (L) , J r (L) op ,5*) is a Hopf algebroid, whose antipode S is involutive. 

As a simple application of Theorem 13.251 we then find the following corollary: 

Corollary 3.39. (id A ,S) is a right bialgebroid isomorphism from J r {L) to J r (L) c . 

3.40. Bialgebroids of jets: the left version. Let again L be a Lie-Rinehart algebra over A , 
again projective as an A-module. Considering now L as a right A-module, we look at its right 
enveloping algebra V r (L), endowed with its natural structure of right bialgebroid (cf. §3.20j) . 
We define the left jet space of the Lie-Rinehart algebra L as the left dual space 

J l {L) := *V r (L) = Hom { _ A) (V r (L)^,A A ) 

Again from §3.311 we know that a multiplication in J l {L) is given by 

(V>0(w) = V("(i)) V>>( 2) ) V </>,</>' e J l {L) , u £ V r (L) , with A(u) = ® u ( a) 

hence in particular this multiplication is commutative in J e (L) , and the unit element of J (L) is 
the counit map of V r (L) . Moreover, the map e = e,,t {L) : — > A, V- 1 ^ e(V0 := ^(lv(ij) , 
works as counit map of J £ (L) ; in the sequel we write 3j« (£ n := -Ker(e 7 * (L) ) . 

Still from t l3.31l we get a structure of j4 e -ring on J e (L) , with source and target maps given by 
(s e (a)) (u) :=d(au) , (t*(a) ) (u) := d(u) a , — for all a € A, u€V r {L). 

Finally, mimicking the analysis in §3.371 — realizing J e (L) as an inverse limit, since V r (L) is 
a direct limit — we can also endow J (L) with a suitable coproduct (following the recipe given in 
§3.31j) . Eventually, all this makes J l {L) into a (topological) left bialgebroid. 

At last, notice that the natural (evaluation) pairing between the right bialgebroid V r (L) and 
the left bialgebroid J e (L) := *V r (L) is a bialgebroid right pairing, in the sense of Definition 13.341 

Remark 3.41. As J l (L) = J r {L° v )° c v oop , the triple (J e {L) , J e (L) op , Sjr {L op) is a Hopf algebroid 
and Sjr(Lop-) induces an isomorphism of left bialgebroids from J e (L) to J i {L) coop ■ 

3.42. Further jet spaces, and comparison. Besides the jet spaces J r (L) and J e (L) , we can 
consider also further possibilities. 

First, we can consider the left dual r J{L) := V (£)„ of V (L) , which again is a right bialge- 
broid. Indeed, it is equal to (V e (£)*) coop , i.e. to J r (L) coop . Furthermore, the natural pairing 
(given by evaluation) between the left bialgebroid V (L) and the right bialgebroid V is a bial- 
gebroid left pairing, in the sense of Definition [331] — in contrast with the case of V l {L)* —: J r (L) . 

Second, we can consider the left dual e J(L) := *V r {L) of V r {L) , which again is a left bialge- 
broid. Indeed, it is equal to (*^ r (^)) coo > i- e - to J e (L) coop . Moreover, the natural pairing (given 
by evaluation) between the right bialgebroid V r (L) and the left bialgebroid *V r (L) is a bialgebroid 
left pairing, in the sense of Definition 13.341 — in contrast with the case of *V r (L) =: J l {L) . 

One can also establish some relevant links among all these bialgebroids of jets. 

We have already noticed that that J e (L) J r {L op )° c p oop = J r {L op ) coop (cf. also Remark [536$ . 

Finally, note that all in all we considered four different types of "jet bialgebroids" , namely 
V\V) =: J r (L) , *V r {L) =: J e {L) , V l {L). =: r J{L) , *V r {L) =: e J(L) 

However, we saw above that V e (L)^ = (V*(£)*) coo = J r {L) coop = J r {L) (corollary \gM) 

and *V r {L) = (*V r (L)) coop = f {L) coop ^ J e (L) (remark EH]) . Therefore, in the end, 

jet bialgebroids of type J r (L) or J e (L) are enough to consider all possible situations, for every 
possible L . 
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We introduce now suitable "topological duals" for jet bialgebroids J r (L) and J e (L) 



Definition 3.43. Let K = J r (L) be a right jet bialgebroid, for some Lie-Rinehart algebra L . Set 
I .= {A G J r (L) (1,A) = 0} = Ker (d.jr {L) ^ — which is a (two-sided) ideal in J r (L) , as one 
easily sees. Then we introduce the following subsets of * K and *K : 

*K := { u G *K I u(l n ) =0 V n > } 

= {u:K—> A\u(X' + X") = u(X') + u(X") , u(Xsl{a)) =u(X)a, u(l n ) =0 Vn»0} 

*K := { u G *K I u(l n ) = V n > } 

= {u : K — > A J u(A' + A") = u(X') + u(X") , u(\t*(a)) = au(X) , u(l n ) =0 Vn»0} 

Similarly, if K := J e (L) is a left jet bialgebroid, and I := Ker (dji, L A , we define 

K* := {u e K* I u(r) = 0Vn>0} , K* := { u G K* \ u(l n ) =0 V n > } 

It should be clear by the very definition that, in the first case, *K , resp. +K , is nothing but 
the subset of those functions in *K , resp. in , which are continuous with respect to the I-adic 
topology in *K , resp. in *K , and the discrete topology in A. Similarly for K* and in the 
second case. The key reason of interest for these objects lies in the following, well-known result: 

Theorem 3.44. Let L be a Lie-Rinehart algebra which, as an A-module, is finite projective. 

(a) Consider the right bialgebroid J r (L) := V^(L)* . Then ±J r (L), as a left bialgebroid, is 

isomorphic to V e (L) : more precisely, the canonical map V e (L) > ir {V i {L) ) = * J r (L) given 

by evaluation is an isomorphism of left bialgebroids. 

Similarly, replacing J r (L) := V (L) with the right bialgebroid V one has a corresponding 
isomorphism of left bialgebroids V e (L) > (^C^)*) s ^ 9^ ven by evaluation. 

(b) Consider the left bialgebroid J e (L) :— *V r (L) . ThenJ i (L)*, as a right bialgebroid, is 

isomorphic to V r (L) : more precisely, the canonical map V r (L) > (»V rr (i))* = J e (L)* given 

by evaluation is an isomorphism of right bialgebroids. 

Similarly, replacing J £ (L) := te V r {L) with the left bialgebroid *V r (L) one has a corresponding 
isomorphism of right bialgebroids V r (L) ^(*^ r (^))^ stUl given by evaluation. 



Remark 3.45. As the antipode Sjr-m provides an isomorphism" between V*(L\ and V e (L)* , 
we have an isomorphism *((V r£ (i)*) = V e (L) . Similarly, we have an analogous isomorphism 
(*V r (L))^ = V r (L) . 



Remark 3.46. Let L be a finite projective Lie-Rinehart algebra and Q be a (finite projective) 
A-module such that L © Q — F is a finite rank free A-module. We resume notation of £ 12. 121 so 
we take an A-basis {61 , . . . , b n } of F , and we set Y = k b\ © • ■ • © k b n , so that F = A ©^ Y ; 
moreover, Lq = L © (A ®fe Z) is a Lie-Rinehart algebra with Z = Y®Y(BY(B--- . One 
has S(Y)^ 00 := S{Z) = S(Y) © S(Y) © • • ■ (recall that elements of an infinite tensor product 
of algebras are sum of tensor products with only finitely many factors different from 1 ) . For 
T G {Y, Z} , we let e : S(T) — > k - the counit map of S(T) — be the unique fc-algebra 
morphism given by S(t) := for t G T , and we set S(T) + := Ker(e) . 

For any n, denote by Jj^Lq) = V l (LQ)j n the subset of V 1 (Lq) whose elements are 

all the A G V e (L Q )* such that A| y(!(i)|g)S(1 , )(S „ |g)S(z)+ = and set Jj(L Q ) = V e {L Q )* f := 

U„ eN jr f,n( L Q) ■ Then one can describe J r f ^ n {L Q ) as J£JLq) = J r {L) © S{Y*)^® 1 © 1 © • • • , 
where S[Y*j denotes the completion of S(Y*) with respect to the weak topology; so we have also 

Jf(L Q ) = ZnenJfjLg) = 5Z neN J r {L) © 5(y*)®"(© 1 © 1 © • • • 
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This JJ(ig) is a sub-bialgebroid of J t {Lq) : indeed, its right bialgebroid structure is described by 

s r : A — ► Jj(Lq), a n> s r (a) ® 1, i r : A — > JJ(Lq) , a h-» t r (a) ® 1 

A(0 ® s) := (8) s (1) ) ® (</> (2 ) ® S( 2 )) if A Jr(L) (0) = </> (1) <g> (2) , A(s) = s (1) (g> s (2) 

9(0 ® s) := <9(0)e(s) , (0 (g> s) (0' <8> s') := 0' ® s s' 

for all a G A , 0, 0' G J r (i) , s, s' G £„ eN S(y*)®" ® 1 ® 1 ® • • • (n G N) . 

Finally, denote by Jj(Lq) the subset of *Jj(Lq) consisting of all <5 G *Jj(Lq) such that 
there exists neN such that S\ Jr , L \ g g s(z*)+ = . It is easy to check that */ JJ(Lq) is 

a left sub-bialgebroid of * JJ(Lg), isomorphic to V^(Lq) . 



4 Quantum groupoids 

In this section we introduce quantum groupoids — i.e. topological bialgebroids which are 
formal deformations of those attached to Lie-Rinehart algebras. Then we show that taking suitable 
"(linear) duals" we get an antiequivalence among the categories of objects of these two types. 

4.1. The h— adic topology. If V is any fc[[/i]]-module, it is endowed with the following decreasing 
filtration: V D hV D h 2 V D ■■■ 2 h n V 2 h n+1 V D •■• D . Then V is also endowed with the 
/i-adic topology, which is the unique one for which V is a topological fc[[/i]]-module in which 
{ h m V} m£N is a basis of neighborhoods of . Indeed, V is then a pseudo-metric space, as the 
/i-adic topology is the one induced by the following pseudo-metric: 

d(x, y) := \\x - y\\ = 2~ m with to := sup {s G N | (x - y) G h s V } V x, y G V 

The topological space V is Hausdorff if and only if the pseudo-metric d is a metric: in turn, this 
occurs if and only if HmGN = {0} > which means that each point in V forms a closed subset. 



4.1 Quantum groupoids 

In this subsection we introduce the notion of "quantum groupoids" : these are special "quantum 
bialgebroids", namely (topological) bialgebroids which are formal deformations of those of type 
V (L) , V r (L) , J r (L) or J e (L) . We begin with the ones associated with the first two cases: 

Definition 4.2. A left quantum universal enveloping algebroid (=LQUEAd) is a topological left 
bialgebroid [Hh , Ah ,s e h ,t h , nih , Ah , e/i) over a topological k[[h]] -algebra Ah such that: 

(i) Hh is isomorphic to V l {L)[[h]] as a topological k[[h)} -module, with identity lv l {L) > an & Ah 
is isomorphic to A[[h]] as a topological k[[h]] -module, with identity 1a, where V (L) is the left 
bialgebroid associated with some Lie-Rinehart A-algebra L , as in §ff. lHH 

(ii) Hh/ hHh = V^(£)[[/i]]/ h V^(X)[[/i]] is isomorphic to V (L) as a left A-bialgebroid via 
the isomorphism Ah/ hAh = A[[h\\/ hA[[h\] — A induced from the isomorphism Ah = A[[h]] 
mentioned in (i); 

(Hi) denote by Hh<i ® t> Hh the completion of Hh<i ® t> H h with respect to the h-adic topology, 

A h ' A h 

and define the (h-adically completed) Takeuchi product as 



H h <i>< >H h ■= \ J2i u *® u 'i e Hh<§> >Hh 

A h A h 



(«i*Ko))®«< = Ei«i®K4(o))} 



then the coproduct Ah of Hh takes values in Hh < <8> > Hh 

A h 
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In this setting, we shall say that Hh is a quantization, or a quantum deformation, of V (L) ; 
we shall resume it in short using notation V (L). := Hh ■ 

In a similar, parallel way, we define the notion of right quantum universal enveloping algebroid 
(^RQUEAd) as well, just replacing "left" with "right" and V e (L) with V r {L) , cf. EM 

We define morphisms among left, resp. right, quantum universal enveloping algebroids like in 
Definitions \3.6\ and \3.1$i moreover, we use notation (LQUEAd), resp. RQUEAd, to denote the 
category of all left, resp. right, quantum universal enveloping algebroids. If Ah is a fixed ground 
k[[h]]-algebra, then we write (LQUEAd)^ , resp. (RQUEAd)^ , to denote the subcategory - 
in (LQUEAd), resp. (RQUEAd) — whose objects are all the left, resp. right, quantum universal 
enveloping algebroids over Ah , and whose morphisms are selected as in Definitions \3.6\ and \3.18\ 



Remarks 4.3. 

(a) U is a LQUEAd if and only if U% p is a RQUEAd. 

(b) U is a LQUEAd if and only if U op is a RQUEAd. 

(c) If ( V e (L) h , Ah , s e h , tr h , mh , A^ , e^) is any LQUEAd, then Ah is a deformation of the 
algebra A : then, as usual, one can define a Poisson structure on the base algebra A as follows: 

if, 9} ■= t mo&hAh V f,g€A 

where /' 6 Ah and g' £ Ah are such that /' mod hAh — f and g' mod h Ah — g ■ The same 
observations makes sense if one has to do with a RQUEAd V r (L) h . 

(d) The definitions given so far make sense for any Lie-Rinehart algebra L. However, from 
now on we shall assume in addition that L , as an A-module, is finitely generated projective. 



The following theorem is proved in |34) (Theorem 5.16) : 



Theorem 4.4. Let (V l {L) h , A h , s{ ,t{ , m h , A h , e h ) be a LQUEAd. Define 

5(a) := **( ffl/ )- s U ffl modhV t {L)h V aeA 

S(X) := AW(X) 2 ! - AW(X) G V\L) ® V\L) V X g L 

A 

with AW(X) := A h (x0-^1-1«^ h , g , 

h V A h ' 

and AW(X) 2!l :=J2 [x] X [2] ®X m if A^(X) = J2 [x] X {1] ® X [2] 

where X' 6 V (L) h is any lift of X (i.e. X 1 mod hV e (L) h = X ) and a 1 g Ah is any lift of a . 

Then 5(a) G L and S(X) G f\\l> ; this gives to L the structure of a Lie-Rinehart bialgebra. 
Moreover, the Poisson structure on A induced by this Lie-Rinehart bialgebra (cf. Remarks \2.2lV c) ) 
coincides with the one obtained as the classical limit of the base *-algebra Ah (cf. Remarks\4-3^c) ). 



Remark 4.5. In the above statement, we took formulas opposite to those in [34 : indeed, this 
allows us to deduce the very last claim. 



Example 4.6. (cf. [34]) Let P be a smooth manifold, D the algebra of global differential operators 
on P and A := C°°(P) . Let D[[h]] be the trivial deformation of D . Let 

T = l<»l + hB 1 + -'-e(D® A D)[[h]] S D[[h]] ®A[lh]]D[[h]} 

be a formal series of bidifferential operators. It is easy to see that J 7 is a twistor — cf. Definition 
13.101 — iff the multiplication on A [[h]} defined by 

f*h9 = F(f,9) V/,j6#]] 
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is associative with identity being the constant function 1 , i. e. iff * h is a star product on P . The 
twisted bialgebroid structure on Dh '■= D[[h]] can be easily described: Ah = A[[h]] has the star 
product defined above, s h : Ah — > Dh and t l h : Ah — > Dh are given by 

4(f) 9 = f *h9, t e h(f)g=g*hf V f,geA 

The coproduct A h : D h — > D h ®A h D h is A h {x) := 7 r# " 1 (A(x) • J 7 ) for all x€D h . 
In Section [7] later on we shall explicitly provide a specific example of this kind. 



Theorem 14.41 has a natural counterpart for RQUEAd's as follows: 



Theorem 4.7. Let (V r {L) h ,A h ,s r h ,t r h ,m h ,A h , e h ) be a RQUEAd. Defi- 



ne 



s r h {a)-_tl{a) 
h 

5{X) := A [1] (X) 2 ! - A [1] (X) e V r {L) ® V r (L) VIel 



8(a) := hV 4 hW mod/ir(L) ft Vaei 



A 



rift A™ (A) := M*')-*'«l-l«*' ^ fc , g x 

and AW(X) 2>1 := £[*] *[a] ® AW(X) = £ [Jf] ® *P] 

where X' 6 V r (L) h is any lift of X (i.e. X' mod hV r (L) h — X ) and a' £ A/j is any /i/£ o/ a . 

T/ien <5(a) £ i and <5(X) G i/ns gives to L £/ie structure of a Lie-Rinehart bialgebra. 

Moreover, the induced Poisson structure of this Lie bialgebroid on the base algebra A coincides 
with the opposite to the one obtained as the classical limit of the base * -algebra Ah (cf. Remarks 



Remark 4.8. The previous result can be proved duplicating that of Theorem 14.41 in |34) . Other- 
wise, one can deduce Theorem 14.71 from Theorem 14.41 applied to V e (L) h := V r (L)^ p , which is a 
LQUEAd — cf. Remarks 14.3^ 6). In particular, the Lie-Rinehart bialgebra structure induced on L 
by the RQUEAd V r {L) h is opposite to that induced by the LQUEAd V l {L) h := V r (L)° p . 

We introduce now the second pair of "quantum bialgebroids" we shall deal with, namely quan- 
tizations of jet bialgebroids: 



Definition 4.9. A right quantum formal series algebroid (=RQFSAd) is a topological right bial- 
gebroid (Kh , Ah ,s r h ,t r h , nih , Ah , dh) over a topological k[[h]\- algebra Ah such that: 

(i) Kh is isomorphic to J r (L)[[h\\ as a topological k[[h\] -module, with identity lj-rvn , and Ah 
is isomorphic to A[[h\\ as a topological k[[h]] -module, with identity Ia, where J r (L) is the right 
bialgebroid of jets associated with some finite projective Lie-Rinehart A-algebra L as in Subs. \ 3.6[ 

(ii) Kh/hKh is isomorphic to J r (L) as a right A-bialgebroid via the isomorphism 
Ah/ h Ah = = A induced from the isomorphism Ah = -A [[ft]] mentioned in (i); 

(Hi) letting lh ■= { ip £ Kh | d(ip) £ hAh } — which is easily seen to be a two-sided ideal in 
Kh — we have that Kh is complete in the Ih~adic topology. 

(iv) let I® := (lh ®A h Kh + Kh ®A h hi) , denote by Kh+ <8> »- Kh the I? -adic completion of 

Ah 

KhA ® ► Kh > also, define the (I®-adically completed) Takeuchi product as 



K h< x +K h 

A h 



( J2i u i ® u 'i G K h + ® >K h 

{ Y.i u * ® K e K h „ §> ► K h 

A h 



J2i(a>u i )®u' i = ® «<«)} 

£\ (s r (a)ui) ®u'i = J2 t u i ® (* r (a)<) } 



Then the coproduct Ah of Kh takes values in Kh * X 

A h 



K h . 
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In this setting, we shall say that Kh is a quantization, or a quantum deformation, of J r (L) ; 
we shall resume it in short using notation J r (L) h := Kh ■ 

In a similar, parallel way, we define the notion of left formal series algebroid (=LQFSAd) as 
well, just replacing "left" with "right" and J r (L) with J l {L) . 

We define morphisms among right, resp. left, quantum formal series algebroids like in Defini- 
tions [3~T8\ and [3~b\ moreover, we use notation (RQFSAd), resp. LQFSAd, to denote the category 
of all right, resp. left, quantum formal series algebroids. If Ah is a fixed ground (topological) 
k[[h]]-algebra, then we write (RQFSAd)^ , resp. (LQFSAd)^ , to denote the subcategory — in 
(RQFSAd), resp. (LQFSAd) — whose objects are all the right, resp. left, quantum formal series 
algebroids over Ah , and whose morphisms are selected as in DeHnitions \3. 18\ and \3.b\ 

Remarks 4.10. 

(a) From the analysis in §3.421 we can argue that one could define a RQFSAd also as a defor- 
mation of the right bialgebroid V (L)^ , and a LQFSAd as a deformation of the left bialgebroid 
*V r (L) . On the other hand, the very conclusion of fc|3.42l itself also tells us that it is enough to 
consider the notions of RQFSAd and LQFSAd introduced in Definition 14.91 above. 

(b) K h is a LQFSAd if and only if (K° p ) cm is a RQFSAd. Similarly, K h is a LQFSAd if and 
only if K° v is a RQFSAd. 

4.11. Liftings in a (R/L)QFSAd. Let L be a Lie-Rinehart algebra which is finite projective 
(as an ^-module). Set 3.r( L ) '■= Ker (9jr (i) ) , a two-sided ideal — the "augmentation ideal" — in 
J r (L) : then Z.jr (L) /Zjr {L) = L* as A-modules, by definitions. For any $ £ L* , we shall call lift 
of $ in J r (L) any (f> £ 3j r (x,) such that <f> mod Zjr {L) = $ via the above isomorphism. 

Now let K h — J r {L) h be a RQFSAd, namely a deformation of J r (L) . For any $ £ L* as 
above, we shall call lift of $ in J r (L) h any <f>' £ J r (L) h such that <\>' mod hJ r (L) h is a lift of 
$ in J r (L) . In short, this amounts to saying that $ = (</>' mod hJ r (L) h ) mod Z^ [L) . 

Also, ii a £ A we call lift of a in Ah any a' £ Ah such that a' mod hAh= a . 

Changing "right" into "left" , similar remarks and terminology apply for defining "lifts" of 
elements of J e (L) in some associated LQFSAd, say J l (L) h . 

Next result introduces semiclassical structures induced on a Lie-Rinehart algebra L by quanti- 
zations of the form J r (L) or J e (L) . Indeed, this is the dual counterpart of Theorem 14.41 

Theorem 4.12. Let J r (L) h be a RQFSAd, namely a deformation of J r {L) as above. Then L 
inherits from this quantization a structure of Lie-Rinehart bialgebra, namely the unique one such 
that the Lie bracket and the anchor map of L* are given (notation as above) by 

[$,*]:= f l^tl mod hr(L)^ modZ% w 

, wx (<t>'r(a') -r(a')<p' , \ ( 0' r(a') - r(a') \ 

w($)(o) := ( h mod hJ r (L) h \ mod Zjr m =fll \ ) mod hA h 

for all $,$£L* and a £ A, where <f)' and ij)' are liftings in J r (L) h of $ and ^> respectively, a' 
is a lifting in Ah of a £ A , and finally r(a'^ stands for either s^(a') or t r h (a!^ . 

Proof. First of all, it is easy to see that the maps [ , ] and to as given in the statement are 
well-defined indeed, i.e. they do not depend on the choice of liftings, nor of the choice of either 
of s^(a') or th(a') as playing the role of r(a') . Moreover, by construction we have [$,\I r ] £ 
3j r (L)/3jrtL) — L* ■ Also, again by construction we have w($)(a) £ J r (L)/3 jr(L) ; now the latter 
space identifies with e(j r (i)) = A, thus w($)(a) £ A via these identifications, so that w($) is 
a fc-linear endomorphism of A . 

Now, the definition of both [ , ] and lo is made via a commutator in J r (L) h . As the commutator 
- in any associative fc-algebra — is a fc-bilinear Lie bracket and satisfies the Leibniz identity 
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(involving the associative product), one can easily argue at once from definitions that L* with the 
given bracket and anchor map is indeed a Lie-Rinehart algebra (over A). 

What is more demanding is to prove that with this structure the pair (i , L*j of Lie-Rinehart 
A-algebras fulfills all constraints to be a Lie-Rinehart bialgebra. Indeed, we shall not provide a 
direct proof for that: instead, we have recourse to a duality argument, using the notions and results 
of Subsec. IQl later on. Indeed, there we shall see that +J r (L)h is a LQUEAd, hence by Theorem 
14.41 we know that (L , L*) is a Lie-Rinehart bialgebra. □ 

The analog of Theorem 14.121 for LQFSAd's (with essentially the same proof) is the following: 

Theorem 4.13. Let J (L) h be a LQFSAd, namely a deformation of J l {L) . Then L inherits from 
this quantization a structure of Lie-Rinehart bialgebra, namely the unique one for which the Lie 
bracket and the anchor map of L* are given (notation as above) by 

[*,*] ■= mod/^(L) ft ) rnod^, 

, w x ( cp'ria^-ria 1 )^ „ \ 

w($)(t») := [ h mod hJ e (L) h \ mod Z.r (L) 

for all $ , $ G L* and aei, where <f)' and %/}' are liftings in J l (L) h of $ and ^ respectively, a' 
is a lifting in Ah of a <E A , and finally f(a') stands for either s^(a') or t r h (a'} . 

Remark 4.14. The result above can be proved like its analogue for RQFSAd's, i.e. Theorem 
14.121 Otherwise, one can get the former from the latter applied to J r (L) h := J l, {V)l , which is a 
RQFSAd — cf. Remarks 14 . 1 OV c ) . In particular, the Lie-Rinehart bialgebra structure induced on L 
by the LQFSAd J e (L) h is opposite-coopposite to that induced by the RQFSAd J r (L) h := J e (L)^ p . 



4.2 Extending quantizations: from the finite projective to the free case 

Let L be a Lie-Rinehart algebra over A which is finite projective as an A-module. With the 
procedure presented in §2.12| we can find a projective A-module Q (a complement of L in a finite 
free A-module) and use it to build a new Lie-Rinehart algebra Lq := L © (Q © L © Q © L • • •) , 

n 

which as an A-module is free. Then we fix an A-basis {b\, . . . , b n } of F and set Y := © k bi , so 

i=l 

F = A® k Y . Set T:= N X {l,...,n}, Z := ®kv t , R = A® k (Y(B Fffi • • •) = A® k Z . One has 

teT 

also V\L Q ) = V e (L) ® k S(Z) , and S(Z) = S(Y) ® S(Y) ® • • • (recall that elements of an infinite 
tensor product are sum of tensor products with only finitely many elements unequal to 1). 

From the basis {b\, . . . , b n } of F we may construct a good basis {ei} ieT of Lq (repeating the 
basis {bx ,6 2 , • • • , K} ■ 

4.15. Extending QUEAd's. Let L be a finite projective Lie-Rinehart algebra, for which we 
consider for it all the objects and constructions mentioned just above. 

Let V e (L) h G (LQUEAd)^^ be a (left) quantization of the left bialgebroid V e (L) . Consider 
V e (L) h Y := fc-adic completion of V l {L) h <g> fc S(Y) ® k S(Y) ® fe S(Y) ® •• • =: V l {L) h ® k S{Z) 

In order to describe it, for d g we set e- := IlteT e f^ an d m (d} '■— m & x {^(e*) | d(t) ^ } 
(cf. Definition HHl); 

Proposition 4.16. Any element ofV l (L) hY can be written in a unique way as 
SrfpT( N ) t ( a d) e ~ — nm S t g (ad)e- with lim \\ a d\\ =0 (notation of 1\ ) 

— n-> + oo v —' dlH-orfd)— S-+00 11 ~" 
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Proof. It is obvious that any element of the given form belongs to V(L)/,y . Conversely, let u G 
V(L)hY ■ Write u = u + h u\ + • • • + h n u„ + • • • with it* G V(Lq) for all i . Now, for all i 6 N , 
each Mi can be written as = X)qgn< t ) t l { u f~) e ~ wnere an but a finite number of the m^'s are 
zero. Set u„ := V\ h l uj~, so that it = Y\ u Q e— . Let us show that lim \\u a \\ = . Pick 

— \a\-\-zu{a) — >+oo 

rto G N ; if we choose A > max { | a | +w(a) | 3 i < no : uf ^ } , then for | a | +ui(a) > A we 
have 1 1 < 2~™° . □ 

Now, there exists a unique left bialgebroid structure on V l {L) h Y given as follows: 

tJ:A h — >V l (L) h ,Y , a^t e (a)®l, sj : A h — > V l {L)h,y , a >-> s e (a) ® 1 

A v'(£)h, y ( a ® s) := (a ( i) <8>S(i)) <8> (a (2) O s (2) ) if A h (a) = a {1) <S> a {2 ) , &S(Z)(s) = ® S(2) 
e/t(a(8>s) := e/j(a)e(s) , (a ® s) (a' ® s') := aa'®s«' 

where the right-hand side factor map e above is just the standard counit map e : S(Z) — > k of 
the Hopf fc-algebra S(Z) , uniquely determined by e(z) = for every z G Z . It is easy to see that 

(a) V i (L) hY is a quantization of the left bialgebroid V 1 (Lq)] 

(b) ir Y := id v e( L j h Y <£)k £ ■ V (L) hY '■= V (L) h ® k S(Z) — > V e (L) h is an epimorphism of left 
bialgebroids. 

An entirely similar construction is possible if we consider any RQUEAd V r (L) h instead of the 
LQUEAd V e (L) h 

4.17. Extending QFSAd's. Let L be a finite projective Lie-Rinehart algebra, and adopt again 
notations as before. Recall also that in Remark ETUI we have introduced JJ(Lq) := V 1 (Lq) 1 . 

Let J r (L) h G (RQFSAd) Afc be a quantization of J r {L) . Keeping notation as in £ 14.151 consider 

J r (L) h Y := /i-adic completion of £ n£N J r {L) h ® k S(Y*f n ® 1 <g> 1 <g> 1 ■ • • 

where J r (L) h ®S(Y*)® n ® 1 <g> 1 ® ... is the ((S(Y*f n ) + <g> 1 <g> 1 ® 1 • • -)-adic completion of 
J r (L) h ® ^(y*)®" ® 1 <g> 1 (8 1 • • • . There exists a unique right bialgebroid structure on y 
described as follows: 

t Y T : A — >J r (L) h ^ Y , a ■->• * r (a) ® 1 , s^" : A h — ► J r (L) htY , a h-> s r (a) <g> 1 
A(a ® s) := (a(i) <g> s(i)) ® (a (2 ) ® s (2 )) if Ajr (L ) h (a) = a (1) <g> a (2) , A(s) = S( X) <g> s (2 ) 
dh{a®s) := 9/ l (a)e*(s) , (o®s)(a'®s') := aa'®ss' 

Then one easily sees that 
(a,) J r (L) hY is a quantization of the right bialgebroid JJ(Lq) ; 

(7)^ := idjr(i) y <8>fc e* : J r {L) h Y — > J r (L) h is an epimorphism of right bialgebroids. 
An entirely similar construction is possible if J r (L) h is replaced with a LQFSAd J e (L) h . 

Remark : Let V e (L) h G (LQUEAd) A(i be a quantization of V t {L) . We have seen in §4. 151 that 
V e (L) h Y := V l {L) h ® k S{Z) is a LQUEAd which quantizes V e (L Q ). If n € N, let S(Z) + := 
Ker(e : S(Z) — > fc) be the kernel of the counit of S(Z) , and let V t (L) hY " be the subspace of 
V e (L)* Y given by V{L)$> := { A G V e (L)* Y \ X(V £ (L) h ® k S(Yf n ® k S{Z) + ) = } . Then 
set 

V e (L) h Y := ft,-adic completion of Z)„ eN U £ (L) ft ^" 
Then V e (L)^ Y is a right subbialgebroid of V^(i)i* y , which is isomorphic to the right bialgebroid 
(V e (L)* h ) Y . Note also that V l {L)** Y is isomorphic to V l {L)* h ® k S{Y*f n ® k 1 ® k 1 ® k 1 • • • . 

In a similar way, one can define also the right bialgebroid (V e (L) h Y J : this is a right sub- 
bialgebroid of (V (L) h Y ) isomorphic to the right bialgebroid ((V (-^)/i)*)y ■ 
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Parallel "right-handed versions" of the previous constructions and results also make sense if 
one starts with some V r (L) h G (RQUEAd) Ah instead of V l (L) h G (LQUEAd) Ah : in a nutshell, 
one still finds that "extension commutes with dualization" . Details are left to the reader. 



5 Linear duality for quantum groupoids 

In this section we explore the relationship among quantum groupoids ruled by linear dual- 
ity (i.e., by taking left or right duals). We shall see that the "(left/right) full dual" and the 
"(left/right) continuous dual" altogether provide category antiequivalences between (LQUEAd) A 
and (RQFSAd) Ah and between (RQUEAd) Ah and (LQFSAd) Ah . 

Essentially, we implement the construction of "dual bialgebroids" presented in Subsection 13.51 
but still we need to make sure that several technical aspects do turn round. 

5.1 Linear duality for quantum QUEAd's 

We begin with the construction of duals for (L/R)QUEAD's. In this case, we consider "full 
duals" (versus topological ones, cf. Subsection 15.21 later on. Before giving the main result, we need 
a couple of auxiliary, technical lemmas. 

Lemma 5.1. Let V e (L) h G (LQUEAd) Ah and u G V e (L) h . For any r G N , there exists t r G N 
such that 

(a) A* r (u) = S a + hSx + h 2 8 2 + ■ ■ ■ + hT' 1 6 r -x + h r 8 r ( e V l {L)l tr ) 

(b) for every i = 0, . . . , r — 1 , the element Si G V^(L)? ' contains at least r terms equal to 1 . 
Proof. Let us expand was u = uq + h u\ + h 2 u% + ■ ■ ■ + h r u r + ■ ■ ■ . Then there exists (JeN such 
that A*o(uo) contains at least r terms equal to 1 . We lift A*o(uo) to some element Sq g V e (L)® to 
containing at least r terms equal to 1 . Then A*° (u) = Sq + h 8® + h 2 8® + • • • + h r 5® + ■ ■ ■ for 
suitable elements <J° e V l {L)®* . 

Now we can find t[ G N such that (id'° -1 ® A*'i) (6®) contains at least r terms equal to 1 . We 

lift (id*° _1 <g> A*i)(<5§) and (id*° " 1 ® A*i)(6°) to elements $ , S\ G V l {L)® t ° + *' 1 which both 

contain at least r terms equal to 1 . Thus we find A*° +tl (u) — 5l + hS\ + h 2 8\-\ h h r 8}. H 

for suitable 8\ , ■ ■ • , Sj. € V e (L)® to+tl . Iterating finitely many times, we complete the proof. □ 

Notation 5.2. Before next lemma, we need some more notation. Given V (L) h G (LQUEAd) A( , 
consider K h := V e (L)^ and its subset I Kh ■= { X S K h \ (lv'(L) h iX) € h A h ) . 

Remark 5.3. As V e (L) h is a left bialgebroid, by £)3.31l we know that its right dual Kh :— V e (L) h 
has a canonical structure of ^4 e -ring; then, with respect to this structure, one easily sees that Ix h 
is a two-sided ideal of Kh ■ Moreover A(7ft) c Ik h ® Kh + Kh ® Ik h - Indeed, given any <f> G Ik h , 
we write A(0) = 0m (8> 0(2) — a formal series (in E-notation) — convergent in the Jft- (1 ~adic 
topology of Kh ■ Writing 0m and 0( 2 ) as 

0(1) = 0(1) +Sr ( 5 ' i ( < ^( 1 ))) ' With ^(1) := ^C 1 ) ~ ^(^(^(l))) G 

0(2) = <f>p } +t r (d h ((f> {2) )) , with 0+« := (2) -f (d h {<P(2))) G Ik h 
we can expand A(0) = 0m ® 0(2) as 

A(0) = ^(i)® 0(2) = 0^)8 0(2) + s r (0 (1) )) O0+*) + s r (a h (0 (1) )) ®t r (9h(0 (2 ))) = 

= 0( 1 )®0(2)+s r (a h (0( 1) ))«)0+ t ) -|-s r (9 h (2;))®l G (Jif h §A h ^ + ifh§A h /K h +/lS r (^fe)®A h l) 

where we took into account the identity s r (9^(a;(i))) <£> i r (9/ l (x( 2 ))) = s r (9^(a;)) ® 1 , due to 
Remarks 13.171/ ^e ), and the fact that dh (x) G h Ah , since G Ik h by assumption. 
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Lemma 5.4. Given V (L) h G (LQUEAd)^ and Kh := V (L) h , consider the two-sided ideal 
Ix h '■= { X € Kh | \i-v e (L) iX) G hAh } of K] x , as well as its powers {n G N) . Then, for 
every u G V e (L)h and every r G N, there exists t r G N such that (u,Ijl, ^ 6 ■ 
TTie same property holds if one considers the left dual Kh := (V (£);,) o/ V (L) h . 

Proof. We make use of the previous lemma. Indeed, the latter ensures that there exists t r G N 
such that 

A tr (u) = S + hS 1 + h 2 6 2 -\ h /i r-1 dV-i + fr r <5 r 

for some elements i5o , . . • , i r € *" such that <Jo j • • • ) $r—i contain at least r terms equal 

to 1 . From this fact and the properties of the natural pairing / , ) between V e (L) h and its right 
dual K h ■= V e (L)^ it is easy to see that (0, u) G h r A h for all G , whence the claim. □ 

We are now ready for our first important result about linear duality of "quantum groupoids" . 
In a nutshell, it claims that the left and the right dual of a left, resp. right, quantum universal 
enveloping algebroid are both right, resp. left, quantum formal series algebroids. 



Theorem 5.5. 

(a) If V e {L) h G (LQUEAd) A; , then V e (L) h * , V e (L) h t G (RQFSAd) Aft , with semiclassical 
limits (cf. '■ fQlj ) 



V 



\L)* /hV l {L)* h - V\L)* =: J r (L) and V l (L) h # jh V l {L) h t 2 V l {L\ ^J r (L) 



Therefore V e (L)* and V e (L) h ^ are quantization of J r (L). 

Moreover, the structure of Lie-Rinehart algebra induced on L* by the quantization V*(L)i of 
J r {L) — according to Theorem \4-12\ — is the same as that induced by the quantization V (L) h of 



V (L) — according to Theorem 4-4 : therefore, the structure of Lie-Rinehart bialgebra induced on 
L is the same in either case. 

On the other hand, the structure of Lie-Rinehart algebra induced on L* by the quantization 

V (L) h of V (L) = J r (L) is opposite to that induced by the quantization V (L) h of V (L) . 
Thus the structures of Lie-Rinehart bialgebra induced on L in the two cases are coopposite to each 
other: V (L) h provides a quantization of the Lie-Rinehart bialgebra L , while V e (L) h ^ provides a 
quantization of the coopposite Lie-Rinehart bialgebra L coop — cf. Remarks \2.2lV e). 

(b) If V r {L) h G (RQUEAd) A) , then *V r (L) h , *V r {L) h G (LQFSAd)^ , with semiclassical 
limits (cf. ;[Xg; 

*V r (L) h /h*V r {L) h = *V r (L) := J e (L) and *V r (L) h J h *V r (L) h = *V r (L) = J e (L) 

Therefore *V r (L) fl and *V r (L) h are quantizations of J £ (L) := »V r (L) . 

Moreover, the structures of Lie-Rinehart algebra induced on L* by the quantization *V r {L) h of 
J (L) — according to Theorem \4-lS\ — is the same as that induced by the quantization V r (L) h of 
V r (L) — according to Theorem \4-7\ 

On the other hand, the structure of Lie-Rinehart algebra induced on L* by the quantization 
*V r (L) h of *V r (L) — J (L) is opposite to that induced by the quantization V r (L) h of V r (L) . 
Thus the structures of Lie-Rinehart bialgebra induced on L in the two cases are coopposite to each 
other: V (L) h provides a quantization of the Lie-Rinehart bialgebra L, while *V r (L) h provides a 
quantization of the coopposite Lie-Rinehart bialgebra L coop — cf. Remarks \2.2lV e) . 

Proof, (a) We shall start by proving that if V e (L) h G (LQUEAd)^ , then V e (L)* G (RQFSAd)^ . 

As we saw in §5.21 the right dual Kh := V e (L) h of V i (L) h has a canonical structure of A e -v'mg. 
Moreover, it is endowed with a map dh '■ V i (L) h — > Ah (x ^ ()-v t {L) >x)) ; which has all the 
properties of a "counit" in a right bialgebroid and defines the two-sided ideal Ix h '■= [hAh) ■ 
What wc still have to prove is that 

• Kh :— V e (L) h * is complete for the Jft^-adic topology; 
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• there exists a suitable coproduct A h : K h := V i (L) h — > K h ®A h Kh — V e (L) h ®A,y e '{L)l , 
which makes Kh '■= V e (L) h into a topological right bialgebroid; 

• Kh I hKh — V e (L) h * I hV e (L) h * is isomorphic to V e (L)* as topological right bialgebroid. 

We begin by looking for an isomorphism V e (L) f * ^ hV e (L) f * = V e (L)* . For this, we distin- 
guish two cases, the free one and the generai one. 
— Free case : L is a free A-module, of finite type. 

In this case, let us fix an A-basis { ~e\, . . . , e n } of the A-module L ; then we lift each e; to some 
ei € V l (L) h . Then any element of V e (L) h can be written as the /i-adic limit of elements of the 
form Z)(oi 1 ...,o»)eN n t l( c <*i,-,a n ) e T ' ' ' e «" m which almost all c ai) ... )0n 's are zero. 

For a given A G V e (L)* , set a ai ,..., a „ ■= ^(ef 1 • • • e°") G A for all a := (ai, . . . ,a„) G N™ . 
We lift each £f 01) . 0n to some a ai) ... l0 „ G A/j , with the assumption that if a ai ....,a n = then we 
choose a ai> ... )a „ = . Now we set 



A ^X)(a 1 ,...,a„)eN™ ^( C ai,— ^ ' ' ' e n"J : ~ S(oi,...,o„)eN n C "i--,n n C*ai,...,a„ 

This defines a map A from the right Afc-submodule of V (L). spanned by all the monomials 
e °v ' ' ' e °n to Ah : as the /i-adic completion of this submodule is nothing but V (L), , this map 
uniquely extends (by continuity) to a map A : V (L), — > Ah ■ By construction, we have 
A G V e (L)^ , and A is a lifting of A, that is A mod hV e (L)^ = A . This guarantees that the 

canonical map V e (L)f* j hV e (L) h * > V e (L)* , which is obviously injective, is also surjective. 

— General case : L is a projective A-module, of finite type. 

As in i j2.12l we introduce a projective A-module Q such that L © Q = F is a finite free A— 
module. Fix an A-basis {&i, ...,&„} of F , and set Y = k b\ © k 62 • ■ ■ © k b n , so that F = A<E>k Y . 
The basis {61, . . . , b n } also defines a good basis {(k}i e T—®x{i n} °^ • 

Now let A G V(L)* . We extend A to some A' G V(Lq)* by setting X\ v i l \q S / z \+ '■— • Now 
we can adapt the arguments of the free case to construct a lifting A' G V(L)h,Y * of A' . Then 
A := A'| , G V{L) h * is a lifting of A as required. 

V ' h 

Thus one sees again that the canonical map V e (L) h * j hV e (L) h * — > V e (L)* is a bijection. 

On V l {L)^ we have already considered an algebraic structure of "A e -ring with counit": the 
same structure then is inherited by its quotient V l {L) h * j hV l (L) h * . On the other hand, V e (L)* 
is a right bialgebroid, hence in particular it is an "A e -ring with counit" as well. The canonical 
bijection V e (L)f* j h V e (L)f* — > V e (L)* above is clearly compatible with this additional structure. 
In particular, this implies that Ker{dh) mod hKh — ^ er (<5y f (L)) — : 3y'(L)* ■ 

Now consider Ik h '■— 9^ 1 (hAh) , which can be written as Ik h — Ker(dh) + hKh ■ As we 
know that V l (L)* is 3y«(L) *~adically complete (cf. M3.37[) . from Ker(dh) mod hKh — Zv e (L)* 
and Ix h = Ker(dh) + hKh we can easily argue that Kh := V e (L) f * is i^-adically complete. 

Now we look for a suitable coproduct. To this end, we shall show that the natural "coproduct" 
given by the recipe in ^3.31l does the job. The problem is to prove the existence of an isomorphism 
from V l {L)l V l {L)* h — the completion of V e (L)^(g:V e (L)^ with respect to the (l Kh ®K h + 

® Ik,, )-adic topology — to Hom^^ Ah) ((V e (L) h < ® > .V e (L)h) < , A h ) . More precisely, there ex- 
ists (cf. EHJ a natural map X from V £ (L)*®V e (L)* to Hom { _ tAh) ((V e (L) h< ®*V e {L) h ) < , A h ) ; 
we now show that this \ actually extends to a (continuous) map — which we still denote by x — 
from V\L)l^V\L)* h to Hom ( _ Ah} ({V e (L) h < ®»V t (L) h ) < , A h ) . 

To begin with, fix u G V (L) h . For every r G N , there exists t r G N such that A* r (u) expands 
as A tr (u) = Sq + h Si + h 2 62 + ■ ■ ■ + h r S r as in Lemma T5. II in particular, every Si G V t {L)f i tr 
with < i < r — 1 contains at least r terms equal to 1 . As the canonical evaluation pairing 
between V (L) h and Kh := V l (L) h is a bialgebroid right pairing — in the sense of Definition 
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13.341 — the formulas for such pairings imply at once (by induction) that ( u , 1^ ) C h r A] x for 
all t > t r . By the same arguments, given v, w G V i (L) h we see that, for every r G N , one has 

{v®w,l£ h ®l£ h ) C h r A h for all t' + 1" » (4.1) 

Now let A G V e (L)^ ^ig)^ V l {L)* h . Then A is the limit of a sequence (A n ) n£N — with A n G 

V^(L) 7l ^(g)^.V^(.L) ft for all n — for the {Ik h ® -?0i + A^ ® //f h )-adic topology; in particular, for 
each t G N one has 

(A n >-A„») G (/jc h ®Jffc + Jfh®/jr h )* = £ lL® T K h fora11 (4.2) 

t'+t"=t 

By (4.1) and (4.2) together we get that for all r G N one has 

(x(An') -x(A„»))( u ® = x(A„' - A n »)(u<8> w) := (u®u>, A n - - A n » ) C 

for all n' + n" ^> ; in other words, |x(A„) (<u (g> w)} ngN is a Cauchy sequence for the /i-adic 
topology in ; as the latter is /i-adically complete (and separated) , there exists a unique, well- 
defined limit lim x(A„)(f ®w) G A h . In the end, we can set \(A)(v®w) := lim x(A n ) (v®w) ; 

7Z— >oo ro— >oo 

this defines a (continuous) map extending the original one, namely 

X : V l {L)* h ^V l {L)l — ► Hom ( _ iAfc) ((^(L) h<l ® 1> V p< (L) h ) < , A h ) (4.3) 

To complete our argument, we need a few more steps. To ease the notation, we shall write 
A"| /i :— X J hX for every k[[h]] -module X . 

First, with the same arguments used to prove that Hom^ Ah ) {V e (L) h , Ah) — V e (L) h 



h=0 



has a canonical bijection with Hom(_ i A) (V e (L) , A) =: V e (L)* we can also prove that 



h=0 



Hom ( _ iAh) ((V i (L) h< ® > V i {L) h ) A h ) Si Hom { _. A) (V e (L) ®V e (L) , A) (4.4) 

h— 

Similarly, the same arguments once more can be adapted to prove that 

V e (L)* h< ®+V e (L)* h ~ V e (L)*®V e (L)* (= J r (L)®J r (L) , cf. $32) (4.5) 

h— 

Finally, by construction the reduction modulo /i of the map x m (4-3), call it x, is nothing but 
the map 

d : r(L)^^r(L) = V l {L)\®^{L)* ► {V\L)^y{L))* 

considered in MM Therefore — since Hom(.. iA) (V t (L)®V e (L) , A) =: (V r ^(i) < (g) ^V e (L))* , and 
taking into account the isomorphisms in (4.4-5) — as x — "d is a fc-linear isomorphism we can 
deduce that x is an isomorphism as well. 

The outcome now is that Kh '■= V e (L) h endowed with the previously constructed structure 
— including the coproduct map given by the recipe in H3.31I — is a topological right bialgebroid, 
complete with respect to the Jj^-adic topology. In addition, the bijection V l (L)* L j h V e (L) l * — > 

V e (L)* found above by construction happens to be a right bialgebroid isomorphism. 

Our next task is the following. Denote by (L* , [ , ] , u/) and (L* , [ , the structures of 

Lie-Rinehart bialgebras induced on L* respectively by Theorem 14.121 — for J r {L) := V e (L)^ - 
and by Theorem 14.41 — applied to V i (L) h . We must prove that ui' — ui" and [,]=[,] - To 
this end, recall that, by Remar ks 1 2 . 2 1 V b ) , u>" and [ , ]" are uniquely determined by the conditions 

w"(*)(a) =(6 L (a),$) , (6, [$,*]") = w"(*)«e,*» - w"(*)((0 , <&» -(^(6),$®*) 

(for all 6 L", 8 G L , a 6 4), where 5l(o) and 5l(cl) are defined by the formula for S in 

Theorem 14.41 Therefore, it is enough for us to prove that (for all $ , $ e L* , 8 G L , a G A ) 

w'(*)(a) = (^(a),$), (8, [*,*]') = w"($)((e > *»-w"(*)«e > $))-<d z Xe) > #®*) (4.6) 
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In order to prove (4.6), we choose liftings <f>',ip' € J r (L) h := V l (L) h , with the additional 
condition that 4>',ip' € 3.r {L)h := Ker (djr^ ) (such a choice is always possible), a lifting 9 6 
V (L) h of and a lifting a' £ Ah of a. Now direct computation gives 



w'($)(a) = ((ft-^'t^a') -tr(o') 0')) mod/iJ r (i) /l ") modXa 

4>'t r (a') - tr(a') 



mod 3j»-(i) h ) mod ft A 



mod ft^4/j 



^j[^h^) modft^ = ^.Mh^^ 



= V h mod ft ^ = / V j - V > ,<j>'\ mod ft A = <^(a),*) 

where I , ) denotes the natural evaluation pairing between V e (L) h and its right dual V e (L) h , 
we exploited the fact that this pairing is a right bialgebroid pairing (cf. Definitions 13.331 and I3.34p 
and the fact that (l v e (L)h ,(/)') =■ djr{L) h {tf) = because </>' £ Z.r {L ) h ■= Ker (djr^J by 
assumption. Thus the first identity in (4.6) is verified. 

As to the second identity, we write A(0) = 0(i)®0(2) as A(0) = 0<g)l+l(g)0+ft Ere] ^[i]®^[2] j so 
that (E[<>]%] ®0[2]) mod ftV r ^(L) h< x>^(L) h =: A [1I (6) — notation of Definition gH Then 
by direct computation we find 

0, [$,*]') = (e, * - 7 - - ) modftAh = ft" 1 ((0, <^V) ^V')) modftA = 



ft 

- ft" 1 (<0 (2 ), ^((0(1),^})^} - (0(2), *r« 0(1),^' »<£'}) mod ft A - 

= ft- 1 ((l,i r ((0,0'»/) + (d,t r ((l,<j>' ))*/>') + ftE[fl]<«[2],«r«fl[l],^»^) - 

-(l,t r ((0,^>)^') - (Mr«l,^>)<0 - ^E [e] (0[2],tr((%],V''»^>) mod ft A, = 

= ft- 1 ((l,i r ((0,0 / »^ / ) - (l,i r ((0,^»^>) modftA + 

+ E [fl ](<«[2],*r«»[i],^»^> - (^[a],*r((^[i],^»^>) mod ft A h = 
= ft- 1 ((^((0^'»,V') ~ (^((0,V'»,^>) modftA, l + 

+ E[ e] ((^«0[i] ) ^»0[2],^> - (^((0[i ] ,^>)0[2] ) ^>) mod ft A = 
= (ft" 1 (^((0,0'» -i £ ((0,0')),^') - br l (j({0rf))-i*{(9, #)),#)) modftA + 

+ E[«] ((*"((%] 0p] . V>'> - <^((0[i],V>'»0[2],^>) mod ft A = 

= (( 

+ E[fl] (( %] , V>' > ( 0[i] ,4>' ) - ( 0[2] , 0' ) ( o m , V' )) mod ft A = 

= -<fc«e, <&»,*} + <^«e, *»,<&} + (AW(e)-AW(e) 2)1 ,$®*) = 

= w"($)«e,*» - w"(*)((e,$» - <*z(Q).*®*> 

where we exploited the properties of a right bialgebroid pairing — in particular, the identity 
< t^a) , X ' ) = < 1 , X' > a - the fact that ( 1 , 0' > = c^,, (0') = , ( 1 , V > = 9 7 , (L))i ty') - , 
the fact that s l (n) = t (k) mod hV e (L) h and the fact (already proved) that u" = ui 1 . This 
proves the second identity in (4.6). 

Finally, we have to deal with V l (L) h . Acting much like for V l {L) h , one proves that V e (L) h 
is indeed a topological right bialgebroid, whose specialization modulo ft is just V e (L) f = J l {L) , 
hence we can claim that V l (L) h + € (RQFSAd) Aft is a quantization of J l {L) . 
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As to the last part of claim (a), concerning the two Lie-Rinehart algebra structures induced on 
L* , we can again proceed like for V (L) h : the difference in the outcome — a minus sign — now 
is due to the fact that the natural pairing (given by evaluation) among the left bialgebroid V e (L) h 
and the right bialgebroid V i (L) h t is a left bialgebroid pairing (cf. Definitions 13.331 and 13.341) 
whereas in the case of V t {L) h and V l {L)* it is a right bialgebroid pairing. 

In detail, direct computation (adopting similar notation as above) gives 

w'($)(a) = (ihT 1 (cf>' s r (a') - s r (a') <£')) mod ft J r (£) h ) mod Zj W = 

l 4/8 r {a')-8 r {a')4t \ ,,, I </>' s r (a') - s r (a') </>' , 
dj(L) h \ ~f l J modhA h = <lv<(£) h! ~h ' mod ft A = 



= ft" 1 (( 1 , (/>' ) a' - ( t\a') , )) mod h A h = ft" 1 (a' ( 1 , 0' ) - ( t l (a') , (/)' )) mod ft A h = 

= ^((/(a'),^') -(^(a')»^'>) modfcAfc = / flMzjV) mod/lAfc = 

= _/ *'(<>- S V) ^ mod/lA/i = _(^ a)> $) = _a/'(*)(o) 
which proves that w' = — cj" , and also 

^e,[$,*]'^ = <^0 , - - ~ - - J mod hA h = hT 1 (( 9 , 4>' ip' ) - ( 9 , tp'cp' )) mod h A h = 

= ft" 1 ((0 (1) , Sr ((& (2) ,^»V') - Sr«0(2),^ »<£'}) modUft - 
= ^((0, Sr «l,0'))V/) + (1, a r {(0 + ^E [e ](0[i],s r ((0 [2] ,^»V') - 

-(0, Sr ((l,V'»^) - (1, a r ((6, tf)) <f/) - fcE M <^[i]. s r ((0 [2] ,V'»^>) modfeA = 
= ft- 1 (<1, s r ((d, </>')) V/) - (1, s r ((0,V'»^>) mod ^ + 

+ E [fl] ((%]. s r ((0 [2] ,0'»VO - (%]> sr((0 [2 ],^»^>) mod ft A = 
= ft- 1 ((^((0, </»'», V') - (^((0,^»,^>) modftA + 

+ E [e] ((^((0[2]^ / »0[i],V' , > - (^((0 [2] ,V / »%].^>) mod ft A = 

= (ft- 1 ( t*(( , 4/ » - « , ^ » , i// ) - ft" 1 ( **(( , tf' » - « , 0' )) , cf,' )) mod ft A, + 

+ E [e] ((^«0[2] ) ^»0[i],^} - < S *«0[2]>^»0[1] mod ft A = 
^«0,0'»- S *«0,</>'» A /^((0^'»-^((0^'» 



h ' ^' /J mod ^ + 

+ E[fl] (< %] . 0' > < [i] ) - ( %] . V-' ) < 0[i] , 0' )) mod ft ^ = 
= <5L«e,$», *> - (54(9,*)), $) + (AW(0) 2il -AW(0) , $®*) = 

= -(&/'(*)« e,*)) - w"(*)((e,$)) - (5i(e),$®*>) 

which proves that [ , ] = — [ , ] , q.e.d. 

(b) The proof given for claim (a) clearly adapts to claim (b) as well, by the same arguments. 
Otherwise, one can deduce claim (b) directly from claim (a) using general isomorphisms such as 
*{U°L P ) = (U*)7oo P and *(UZ P ) = (U*)Z P (see Remark O as follows. 

First of all, {V r {L) h )°^ o is obviously a quantization of V r {L)° c v oop = V e (L°P) . Second, the 

structure of Lie bialgebra defined by (V(£) h )^ and by (.V(£) & ) Z op = ((^Wl/ is 
L°P gp . Hence the structure of Lie bialgebra defined by V r (L) h and *(V r (L) h ) is L . 

Similarly, the structure of Lie bialgebra defined by (V r (L) h ) °Z op and by (*(V r (L) h )) ° COO p = 

((v r (L) h ) Z X are respectively L °c p oo P 

and (^ COO p) coo ,p L ■ Thus the structure of Lie bialgebra 
defined by V r (L) h and by *{V r {L) h ) are L and L coop respectively. □ 
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5.2 Linear duality for quantum QFSAd's 



Much like for their classical counterparts, the duals for QFSAD's have to be meant in topological 
sense. Indeed, we introduce now a suitable definition of "continuous" dual of a (R/L)QFSAd: 

Definition 5.6. Let K h £ (RQFSAd) Ah . Let I h := { A 6 K h \ d h (X) £ hA h } . 

We denote by *Kh the k[[h]]-submodule of *Kh of all (left A^-linear) maps from Kh to Ah 
which are continuous for the Ih~adic topology on Kh and the h-adic topology on Ah ■ 

We denote by *Kh the k[[h]]-submodule of * Kh of all (right Ah~Unear) maps from Kh to Ah 
which are continuous for the Ih~adic topology on Kh and the h-adic topology on Ah ■ 

In a similar way, we define also "continuous dual" objects Kh+ (c Kh*) and K£ (C K£) 
for every K h £ (LQFSAd) Ah . 

It is time for our second result about linear duality of "quantum groupoids" . In short, it claims 
that the left and the right continuous dual of a left, resp. right, quantum formal series algebroid 
are both right, resp. left, quantum universal enveloping algebroids. 



Theorem 5.7. 

(a) If J r (L) h £ (RQFSAd) Afc , then *J r (L) h , *J r {L) h £ (LQUEAd)^ , with semiclassical 
limits (cf. Remark \3.45\ ) 

*J r (L) h /h*J r (L) h £ *r{L) = V e (L) and V r (L) h / h*J r (L) h £ *J r (L) £ V l (L) 

Therefore ±J r (L) h and *J r (L) h are quantizations of V (Li) — ±J r (L) . 

Moreover, the structure of Lie-Rinehart bialgebra induced on L by the quantization +J r (L) h of 



V (L) — according to Theorem 4-4 — * s the same as that induced by the quantization J r (L) h of 



J r (L) — according to Theorem \4-12\ 

On the other hand, the structure of Lie-Rinehart algebra induced on L* by the quantization 
*J r (L) h of V (L) is opposite to that induced by the quantization J r (L) h of J r (L) . Therefore, the 
structures of Lie-Rinehart bialgebra induced on L in the two cases are coopposite to each other: in 
short, J r (L) h provides a quantization of the Lie-Rinehart bialgebra L , while *J r (L) h provides a 
quantization of the coopposite Lie-Rinehart bialgebra L coop — cf. Remarks \2.21V e). 

(b) If J e (L) h e (LQFSAd) Ah , then J e (L)* , J*( L )h t £ (RQUEAd)^ , with semiclassical 
limits (cf. Remark |3.^5| ) 

J\L)1 /hJ e (L)* - j\Lf = V r (L) and J l (L) h J 'h J £ (L) h ^ = j\L)^ - V r (L) 

Therefore J l (L)* and J e (L) h are quantization of V r (L) = J l (L) . 

Moreover, the structure of Lie-Rinehart bialgebra induced on L by the quantization J e (L) f * of 
V r (L) — according to Theorem \4-l\ — is the same as that induced by the quantization J (L) h of 
J l (L) — according to Theorem \4-13\ 

On the other hand, the structure of Lie-Rinehart algebra induced on L* by the quantization 
J (L) h of V r (L) is opposite to that induced by the quantization J l (L) h of J l (L) . Therefore, the 
structures of Lie-Rinehart bialgebra induced on L in the two cases are coopposite to each other: in 
short, J e (L) h provides a quantization of the Lie-Rinehart bialgebra L, while J l (L) h ^ provides a 
quantization of the coopposite Lie-Rinehart bialgebra L coop — cf. Remarks \2.2lV e) . 

Proof, (a) To simplify notation, we write Kh '■= J r (L) h . We begin with the case of *Kh , moving 
through several steps. 

The main point in the proof is the following. By definition, ±Kh is contained in *Kh '■ by the 
recipe in £ 13.51 the latter is "almost" a left bialgebroid over Ah , as it has a natural structure of 
A^-ring with "counit", and also a "candidate" as coproduct. Then the natural pairing among *Kh 
and Kh (given by evaluation), hereafter denoted ( , ) , is an A^-right pairing (cf. Definition 13. 33)) . 
and also a bialgebroid right pairing (cf. Definition 13. 34p — as far as this makes sense. Basing on 
this, we shall presently show that this structure on *Kh — which makes it an A^-ring and even 
"almost a left A£ -bialgebroid" , actually does restrict to *Kh , making it into a left ^-bialgebroid. 
Also, the evaluation will then provide a natural bialgebroid right pairing between +Kh and Kh ■ 
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Along the way, we shall prove also that +Kh has semiclassical limit V (L) , and finally that the 
Lie-Rinehart bialgebra structure on L induced by it is the same as that induced by Kh := J r (L) h . 

(1) First we prove that the source and target maps of *Kh (as given in M3.5P actually map 
into +Kh , that is si(Ah) Q *Kh and t~.(Ah) C +Kh . We shall prove it by showing that, for any 
a G A h , one has (si(a) , 4") C h n A h , (^(o) , I£) C h n A h , for all n G N. 

For ti, if <j> G I h , then ( ti(a) , > = ( 1 , <j> ) a £ hA h = h 1 A h ; thus (i*(a) , J fc x ) C h x A h . 
Now assume by induction that ( i*(a) , /™) C h m Ah ■ Let ?/> G I™ and ^£4; then 

(**(a),V>x) = <l>x)a = {s{{{l^))l, X )a 

thus by the induction hypothesis and the case m = 1 we see that (t*(<z) ,ipx) & h m+1 Ah . 
As to , if G //,, , then we have 

(4(a), <j>) = (l,t r (a)<t)) G (l,</>t r (a)) + U ft = a(l,0) + hA h = hA h 

because t r (a) <f> — <f> t r (a) G h Kh and ( 1 , <f> ) G h Ah ■ 

Now assume by induction that ( s*(a) , I™) Q h m Ah . Let ip G J^ 71 and x ^ hi] then 

<4(«)>X) = (l,U(a)^x) = ( S i((l,t r (a)i/j))l,x) = (4((4(«)^))1,X) 
thus by the induction hypothesis and the case m = 1 we argue that (s*(a) ,ipx) S h m+1 Ah ■ 

(2) Let us show that if G ^iOt , then ww' G ^-/X/,, . Given n G N , let p, q G N be such 
that (w ,i£ ) e ft™ A and (u/, > G ft-™^ . Now take rj G f£ +9 . Then the identity 

(0JU>',Tl) = (wi»((w',f/( 2 ))),tj(i)) = (w, »7(i) S r ((fc/, 77(2) » > 

taking into account that A(i^ +9 ) C ^h®A because A(Ih) C Kh® A Ih+hi® A Kh , 

r+s=p+q 

proves that (lulu', I^ q ) G h n Ah • Thus *Kh is a subring of *Kh — even an A^-subring, by (1). 

(3) Let us show that +Kh is topologically free. First we prove that it is complete for the ft-adic 
topology. Indeed, as Kh is topologically free (for its own ft-adic topology), so is Hom k [[ h ]](Kh ,Ah) 
as well. Now let (A n ) neN be a Cauchy sequence of elements in ^Kh ; then this sequence converges 
to a unique limit A G Homu]ur\{Kh , Ah) ■ Then it is easy to see that A G HorriA h (Kh ,Ah) ■ 

Now we show that A G ±Kh ■ Given neN, there exists n\ G N such that A ni — A takes values 
in h n Ah ■ As A ni G +Kh , there exists n-2 G N such that (A ni , f^ 2 ) G h n Ah ■ But then we have 
(A , I h l2 ) G h n Ah and so we conclude that A G *Kh ■ 

Finally, as *Kh is complete for the ft-adic topology and without torsion, it is topologically free. 

U) Now we show that *K h /h*K h = ,(K h /hK h ) = + J r (L) = V e (L) . 

Let A G +Kh , so that A as a map from Kh (with the fft-adic topology) to Ah (with the ft-adic 
topology) is continuous. Then A induces (modulo ft.) a map A : J r (L) — > A which is on 3" 
for n , where Z '■= Ker [djr^j . We claim that the kernel of the map x '■ ^ ^ ^ i g h+Kh ■ 
indeed, it is obvious that h ±Kh C Ker (x) > an d the inverse inclusion follows from the fact that 
Ah is topologically free. Therefore we have an injective map x : +Kh/h+Kh — > *V^h/ ' hKh) = 
+ J r (L) — V e (L) induced by x (modulo h), and we are left to show that x is surjective too. 

We distinguish two cases: 

Finite free case: Assume that L as an ^-module is free of finite type. Let {e± , . . . , e„} be an 
A-basis of L . Then { e— := e" 1 • • • e" n | a := (a± , . . . , a n ) G N n } is a basis of V l {L) , by the 
Poincare-Birkhoff-Witt theorem. Define I i G K := J r (L) by (£. ,ef ■ • • e^") = n"=i ^,5^ ■ 

Let G ifh be a lifting of £j such that dh{£,i) = . We denote (ordered) monomials in the ^'s 
or in the &'s by |~ := '••?»" and ^- := tf 1 ■ ■ ■ ^ respectively. Note that £- G ijf 1 , where 

|a| := X)"=i a » ■ Let A G +(Kh/ hKh) — *J r {L) = V e (L) be given: we write a„ := ( A , £ S ) G A , 
and note that all but finitely many of the a^'s are zero. Let o„ G Ah be any lifting of o„ (for all 
a G N n ), with the condition that whenever a a — we take also a Q = . Now we define A G *Kh 
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by setting ( A ,£-) := o„ . As I^ 1 = h" ^-t r (A h ) , it is easy to check that if n el then 

\a\-\-s>rn 

( A , I™ ) C h n Ah for m 3> . Hence A G jXj , and by construction % ( A mod h±Kh) = A , so 
that the map x is onto, q.e.d. 

General case : By our overall assumption, L as an ^-module is projective of finite type. Then 
we resume the setup and notation of in i j2.12l there exists a finitely generated projective A- 
module Q such that L © Q — F is a finite free A-module, and we consider the free ^-module 
L Q := L®(A(g> k Z) with Z := Y®Y®Y®- ■ ■ . Prom an A-basis {61 , . .., b n } of Y we get a "good 

basis" of elements e-t indexed by T := N X {1, . . . , n} , i.e. Ln = © k e t . Fixing on T any total 

teT 

order, the PBW theorem yields { e^ := ]J tl£T e t Qt | a = (a t ) teT G T™} is an A-basis of V e (L Q ) . 
Let £j be the element of Jj(Lq) defined by ( ^- , e— ) = 1 if a = (at = St,j) teT , ( £7 , e— ) = 
otherwise. If A[[{X t } teT ]] := U A[[X h , . . . , X t J] , then one has JJ(L Q ) = A[[{| t } ]] 

il<— <in J 

Now consider the quantization Kh,Y of JJ(Lq) — cf. tj4.17l Recall (cf. £|4.17p that 
Kh,Y ■= /i-adic completion of X)neN ^/i®fe<S , (^*) 8 ™ ® 1 ® 1 ® 1 • • • 

where K h ® k S{Y*)® n © 1 © 1 • • • is the ((S , (Y'*)®") + (8 1 © 1 • • • )-adic completion of K h © fe 
S(Y*)® n © 1 © 1 • • • . By construction, every belongs to some K® k S(Y*)® ® fc 1 ® fc 1 ® fc • • • 
(n,eN). Let ^ be any lifting of ^ in ^/ l ®feS , (y*)®" l fc l(8) fe l(8) fe --- such that (9 h ®e s(z »))(^) = 
. Given a G , we denote again by a the element t r (a) G t r (Ah) C AT^ . Let also <r : A 1 — > Ah 
be a section of the natural projection map from Ah to A, let Zh,Y '■— Ker(dh) = 9 / ^ 1 ({0}) and 
Ih,Y '■= d h ~ 1 (hAh) ■ taking into account that t r {A) = A° v and t r (Ah) = A° h v , one has 

Kky = {E,^ hn K(i)\Pne[[{x t } teT ]] f A°p} = {En^h n P n (Q\p n e[[{x t } teT \] f A^} 

Ih,Y = (h,{£t} teT ) > 3h,Y = J2t£T& K h,Y 

where round braces stand for "two-sided ideal generated by", and [ [{Xt} teT ] ] „ A , respectively 
[[{ATt} tgT ]] j, Ah , denotes the ring of formal power series with coefficients on the right chosen in 
A , respectively in Ah , each one involving only finitely many indeterminates Xt . 

Now, Lq as an A-modulc is free but not finite; however, J^(Lq) and its quantization Kh,Y 
have enough "finiteness" behavior as to let the arguments for the finite free case apply again. In 
other words, the analysis we carried on for the finite free case can be applied again in the present, 
general context working with Kh,Y ■ Indeed, let us remark that 

I h Y ■- /i-adic completion of ( £ I h ® S(Y*)®* n ® 1 ® • • • + £ K h ® (s(Y*f* n ) + ® 1 ® • 

VnGN k k k n£N+ k ^ / k k 

while on the other hand V e (L Q ) = V e (L) © (V e (L) © fc S{Z) + ) . Now let K := J r {L) and 
A G *K . As Jf(L Q ) = K © J2neN + K ®k(S(Y*)® n ) ® fe 1 ® fe ■ ■ ■ , we can extend A to an element 
(j, G *Jf(L Q ) by setting K ® k (S(Y*)® n )+® k i® k - := and := A ' By the ar S uments 

used in the finite free case, /1 can be lifted to an element M G ± t Kh.Y \ then A = Af\ G ±Kh is 

a lift of A . So that the (injective) map \ '■ *Kh/ h *Kh — > jKh/ hKh) = *J r (L) = V (L) is 
surjective, q.e.d. 

(5) Let us now show that A^Kh) C ^.fO, ©^ *ATh for the "coproduct map" A given by the 
transpose map of the multiplication in Kh ■ 

Let A G *Kh ■ We know that modulo h one has A (A) G ±K ® A *AT . Now write A(A) = 

A (1) © AP) (a finite sum) with A^, A< 2 ) G *if , and let and A^ 2) in be liftings of A^ 1 ) 

and A( 2 ), i.e. A* 1 ' = A^ 1 ' and A^ = A( 2 ) : then A (A/,) - E A* 1 ' © A^ 2) G ft ® Ah *K h ) , so 

that ft, -1 (A(A/j) — £ A^ © A^ 2 -*) G *Kh ©^ *A'/ l . In addition, whenever p + q 3> one has also 

( A(A/j) - Al 1} ® Ai 2) , Ih ® 7 h ) e ft2 ^ft ; therefore we find that 



ft-i(A(A h )-^A«©Ai 2) ) G*A-© A ,X 
We can carry on this argument and eventually show that A(A^) G ^Kh ® A *Kh , q.e.d. 
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(6) Altogether, the steps (l)-(5) above prove that J^h is a LQUEAd (over A h ), whose semi- 
classical limit ^Kh/h+Kh is exactly isomorphic (as a left bialgebroid over A) to V e (L) . Now we 
show that the structure of Lie-Rinehart bialgebra induced on L by the quantization *Kh of V (L) 
is the same as that induced by the quantization Kh of J r {L) . To this end, let [ , ]', lu', be the Lie 
bracket and the anchor map on L* induced by +Kh , and [ , ]" , lu" , those induced by Kh . 

We proceed like in the proof of Theorem 15.51 Our goal is to prove that lu' = w" and [ , ] = 
[ , ] ; thus recall that (cf. Remarks 1 2 . 2 1 V b ) ) to' and [ , ] are uniquely determined by 

w'(*)(o) = (6 L (a),$) , (6, [$,*]') = «'(*)(( 0,*)) - a/(tf)((e,$)) - (<5 L (0),$®*) 

(for all 6 £ I, a 6 A), where <5i(a) and Sl(Q) are defined by the formula for S in 

Theorem l4~4l Thus it is enough to prove that (for all O <E L , aei) 

w"(3)(a) =(5i(a),$>, (e,[3,¥]") = «'(*)(( 0, *)) -w'(*)«0, $)) -(^(0) , ) (4.7) 

To prove (4.7), choose liftings 4>',ip' £ J r (L) h =: Kh , with the additional condition that 
£ 3j r (£) h := K er {dj r (L) h ) (this is always possible), a lifting 6 V e (L) h := + J r (L) h of 
and a lifting a' £ Ah of a . Now direct computation gives 



mod ft. A/,. 



fc-^t^a') -si(a') , </»') mod ft A h = h^( 1 , 0' s r (a') - s r (a') 0' ) mod ft ^ = 

ft A ft = 

(f>' s r (a') - s r (a') <f>' \ „, w N 

y n ' h V ' modhK h j moda.,^,, = w"(*)(o) 

where we exploited the fact that the involved pairing a right bialgebroid pairing (cf. Definitions 
and 1334"!) . Thus the first identity in (4.7) is verified. 

As to the rest, we write A(6») = (1) ® (2) as A(0) = 0<g>l + l(g)0 + ft^j ® 6»[ 2] , so that 
(0[i] ®f[2]) mod hV e (L) h< x !> V i (L) h =: A [1] (0), as in Definition SH Moreover, let us set 

4> := </>' mod hJ r (L) h , ip :— if>' mod hJ r (L) h , which are lifts of $ and $ in J r (L) , and actually 
belong to Zj r (L) ■ Then direct computation gives 

(0, [*,*]") = <©,«>>}) = (e, W-W ^ modhAh 

Now, in the proof of Theorem 15.51 — namely, to prove the second part of (4.6) — we saw that 
(e, — ~ \ modhA h = u/($)((0,*» - )((©,$» - (<5i(0) , $ ® *) 

so that the second identity in (4.7) is proved. 

At last, let now cope with the case of *Kh ■ Clearly, we can proceed much like for +Kh '■ one 
proves that *Kh — *J r (L) h is a topological left bialgebroid, whose specialization modulo ft is 
*J r (L) = V e (L) , hence we can claim that *J r (L) h e (LQUEAd) Ah is a quantization of V e (L) . 

A difference arises about the last part of claim (a), concerning the two Lie-Rinehart algebra 
structures induced on L* : indeed, the difference in the outcome — a minus sign — is due to the 
fact that the natural pairing (given by evaluation) among the left bialgebroid *J r {L) h and the 
right bialgebroid J r (L) h is now a left bialgebroid pairing (cf. Definitions 13.331 and 13.34) ) — while 
for i,J r {L) h and J r (L) h it is a right one. Explicit computations are (again) much like those in the 
proof of Theorem 15.51 (for the very last part of claim (a)), just as it occurs for ±Kh — ±J r (L) h . 

(b) The arguments used to prove claim (a) clearly adapt to claim (b) as well. Otherwise, one 
can deduce (b) directly from claim (a) using general isomorphisms such as *\U°^ op ) = {U*)° c l op 
and *(U°£ p) = {U,)Zo V — see Remark EM □ 
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5.3 Punctoriality of linear duality for quantum groupoids 



The results in Sections 15.11 and 15.21 about the duality constructions for quantum bialgebroids 
can be improved. Indeed, they can be cast in the following, functorial version (cf. Definition 14.21 
and 14.91 for notation), which is the main outcome of this section: 

Theorem 5.8. Left and right duals yield pairs of well-defined contravariant functors 

(LQUEAd) Aft — > (RQFSAd) Ah , H h ^ H£ , (RQFSAd) Ah — > (LQUEAd)^ , K h h> *K h 
(LQUEAd)^ — > (RQFSAd) Ah , H h ^H h „, (RQFSAd) Ah — > (LQUEAd) Ah , K h ^ *K h 
(RQUEAd) Ah — > (LQFSAd) Ah , H h ^ *H h , (LQFSAd) Ah — ► (RQUEAd)^ , K h ^ K h + 

(RQUEAd) Ah — > (LQFSAd) Ah , H h i-> *H h , (LQFSAd) Afc — > (RQUEAd) Afc , K h h> K } * 
which are (pairwise) inverse to each other, hence yield pairs of antiequivalences of categories. 
Proof. It is clearly enough to present the proof for just one pair of functors, say those in first line. 

Let H h = V l (L) h G (LQUEAd)^ . For any A e H,* and any 77 e H h , let ev v (X) := X(rj) , 
and consider the map Hh — > *\Hjh) given by r\ 1— > ev v ; note that a priori this map takes values 
in *{H^) , but Lemma HT4l actually proves that every ev v belongs to *(H*) . 

We claim that this map is an isomorphism in (LQUEAd)^ . Indeed, by construction this 
is a morphisms of left bialgebroids; moreover, it is even an isomorphism, because both Hh and 
±{H£) are topologically free fc[[/i]]-modules, and the reduction modulo h of Hh — > *{^h) ^ s 
an isomorphism. Indeed, to prove the latter claim, note that the specialization of Hh modulo h is 
just Hh j hHh = V l {L) h j hV e (L) h — V l (L) , by assumption, and that of *(H h *) is nothing but 

*(H,;)/h*(H*) =^H*/hH*) = ^{L)* h /hV"{L)^ = Jy l {L)*) , by Theorem O and 
Theorem l5.5l In addition, the specialization modulo h of the given map is nothing but 

Hh/hHh = V\L) >*(V e (L)*) = ,{H,;) /h,{H,;) , rj ^ evjj 

directly by construction, and this is known to be an isomorphism — see Theorem 13. 441( a). 

Let K h = J r (L) h e (RQFSAd) Ah . We prove now that K h = (+#/,)*. As *K h is a LQUEAd, 
it follows that (+Kh)* is a RQFSAd. Like above, there is a natural morphism Kh — > (*Kh) 
in (RQFSAd) Ah — given by a h-> (eiv : A h-> A(er)) . Like before, since Kh and {*Kh) are two 
topologically free fc[[/i]]-modules, in order to show that this map is an isomorphism it is enough to 
show that it is an isomorphism modulo h . 

By assumption we have Kh/hKh = J r (L); then Theorem 15.71 implies also that +Kh is a 
quantization of V l (L) , i.e. its semiclassical limit is V (L) itself. Now we have Kh/ hKh = 

J r (L) and (*Kh)* / h (*K h )* = (*Kh j h+Khj = V e (L)* = J r (L) because we know — by the 

assumptions and Theorem 15.71 — that +Kh is a quantization of V l (L) . We conclude like before. 

Finally, both recipes Hh H h * and Kh n- *Kh are clearly (contravariantly) functorial. □ 



6 Drinfeld functors and quantum duality 

In this section we present the main new contribution in this paper, namely the definition of 
Drinfeld functors and the equivalences — instead of antiequivalences! — of categories established 
via them among (left or right) QUEAd's and QFSAd's. 

6.1 The Drinfeld functor ( ) v 

Let K h <E (RQFSAd)^ . We set K F := k((h)) ® K h , and I h := d h ~ 1 (hA h ) , 2h ■= Ker(d h ) , 

h k[[h]] 

where dh is the counit map of Kh . If A e Kh , one has A = A — s r (<9zj(A)) + s r (9/j(A)) with 
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A - s r (d h (X)) G Zh ; thus one has I h = Z h + hK h . Define K* := s r (A h ) + £ fr- n I£ , which 

neN + 

is a fc[[/i]]-submodule of Kf ; then note that we have also if^ = s r (A/j) + E ^~™s r (y4./j) . 

n6N+ 

Definition 6.1. Given Kp := k((h)) ® 2£/j , Zef //, := 9r 1 (ft.A/ t ) and Zh '■= Ker{dh) , with 

k[[h)] 

Ih = Zh + h Kh ■ Then we define 

K* := a r (Afc) + E h- n q = s r (A) + E /r'V(A)^ 

if^ := h-adic completion of the k[[h}] -module K£ 
Moreover, in an entirely similar way we define for any Kh G (LQFSAd)^ . 

Remarks 6.2. 

(a) Note that Zh i s n °t a n {Ah , ^4^)-subbimodule of Kh , in general. Indeed, if a £ Ah and 
ip G Zh i it is clear (from the properties of the counit of a right bialgebroid) that tp s r {a) , x/jt r {a) 
in ; but we cannot prove in general that s r (a) ip and t r (a) tp belong to Zh ■ On the other hand, 
one has that Ih instead is definitely an {Ah , A/j)-subbimodule. For this reason, it is better to 
(define and) describe K£ and K^ using Ih than using Zh ■ 

(b) Let K be a LQFSAd, respectively a RQFSAd. Then {K h )Z op is a RQFSAd, respectively 
a LQFSAd. It easily follows from definitions that ((K h ) c p oop f = ■ 

6.3. Description of • Directly from its very definition, we can find out a description of . 
This is very neat in the case when the Lie-Rinehart algebra L — such that Kh is a quantization 
of J r {L) or J l {V) — is of finite free type (as an A-module), and can be reduced somehow to that 
case when L instead is just of finite projective type. Thus we distinguish these two cases. 

(a) Finite free case : Let us assume that L (as an A-module, of finite type) is free. Then 
we can explicitly describe , as follows. Fix an A-basis {ei ,e n } of L , and let & be the 
element of Hom{V e (L), A) = V l {L) = J r {L) defined ( using standard multiindex notation) by 

Let & be an element of Kh lifting |i and such that dh{£,i) = . If a £ 4 , we shall write again a 
to denote the element t r (a) G Kh . We have the following descriptions 

Kh = { J2defi" Ci 1 " ' £n" °d I a<i G A°f , V d G N" } = A[[Ai, . . . , A„]][[/i]] 

^/i = {h , £i , • • • , £n) , Zh = E"=l & K h 

where the first line item is a (right) A£ p -module of formal power series (convergent in the J/j-adic 
topology) and the last isomorphism is one of topological fc-modules, while round braces in second 
line stand once again for "two-sided ideal generated by" . By this and the very definition it follows 
that, writing £j := h^ 1 ^ , one has (the last isomorphism being one of topological fc-modules) 

Kh = { E b _e^ hb0 ^i 1 ■ ■ ■ % | % e A? , V 6 } = A [Xi , . . . , X n ] [[h }} 
where the sum denotes formal series which are convergent in the /i-adic topology, and then also 
Zh ■= h _1 Zh = X)jLi l» = "ght ideal of K% generated by the £j's 

(b) Finite projective case: Assume now that L (as an A-module) is just finite projective 
(as usual in this work). Like in Subsection 14. 2\ we fix a finite projective A-module Q such that 
L © Q = F is a finite free A-module, we write F = A <E>k Y where Y is the /c-span of an A-basis 
of F , and we construct the (infinite dimensional) Lie-Rinehart algebra Lq — L © {A igife Zj 
with Z = Y ® Y ® Y (B ■ ■ ■ ■ Then, for J r (L) h := Kh , we can introduce the right bialgebroid 
Kh.Y '■= J r {L)h y as i n ^4.171 namely (with notation as in §4.17| . we recall that 

Kh,y '■= ^-adic completion of EneN Kh®kS(Y*)® n ® 1 ® 1 ® 1 • • ■ 
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(S{Y*f n ) + being the kernel of the natural counit map of S(y*)® n and K h ® k S(Y*)® n <g> 1 • • ■ 
the ((S(Y*f n ) + <g> 1 <g> 1 • • -)-adic completion of if ft ® fe s(y*)®« g, i ® i . . . . 

Furthermore, let dh be the counit of Kh,Y , and Ih,y ■— d h ~ 1 (hAh) ■ Then we have also 

I h Y : = ^-adic completion of ( £ ^ i r (g) 1 (8) • • • + £ ® (5(F*)® S ) + <g> 1 <g> • • • ) 

Basing upon these remarks, we can define K^ Y an d describe it as above: namely, one has 

Kl Y = ft-adic completion of ^ E h~ n Zh®k{{S{Y*)® m ) + ) ® 1 <g> 1 <g> ■ ■ ■ = K% ® k S{Z*J) 

n,m r+s— n 

where Z*f = Y* © Y* © Y* © 

Let now {e*} tgT . =Nx ^ 1 n \ be a good basis of the A-module Lq . From the proof of Theorem 
15.71 fstep (4) for the general case) we can select elements £j G K^ y (t G T) such that 

= {EneN^aeth^l^GCCTOter]]/^} = ^[[TO^r]],^]] 

i/j,Y = (^){6}t e r) j 3h,Y = J2t£T& Kh,Y 

where [[{•^tlter]]/ denotes the ring of formal power series with coefficients on the right chosen 
in Ah involving only finitely many indeterminates Xt- One can then easily find, letting £t := h" 1 ^ 
for all t G T , that 

Ky = {j2 neK h n P n ({£ t } teT )\p n e[{i} teT }A° h r,VnEN} = A[{X t } teT ][[h]\ 

where the sum denotes formal series convergent in the ft.-adic topology, and [{X t } tgT ] A° h v denotes 
the ring of polynomials with coefficients on the right chosen in A° h v . We find also 

3h,Y : = h^Zh,Y = J2teT& K h,Y = right ideal of if ^ y generated by the It's 



It is time for the main result of this subsection. In short, it claims that the construction 
Kh H» Kfr , starting from a quantization of L — of type J r / l (L) — provides a quantization of the 
duai Lie-Rinehart bialgebra L* — of type V r l l (L*) ; moreover, this construction is functorial. 



Theorem 6.4. 

(a) Let J r (L) h G (RQFSAd)^ , where L is a Lie-Rinehart algebra which, as an A-module, is 
projective of finite type. Then: 

- (a.l) J r (L)^ G (RQUEAd) Ah , with semiclassical limit J T (L)% j h J r (L)% = V r (L*) . 

Moreover, the structure of Lie-Rinehart bialgebra induced on L* by the quantization J T {L) h of 
V r (L*) — as in Theorem \4- 7| — is dual to that induced on L by the quantization J r (L) h of J r {L) 

— as in Theorem \4 -12\ 

- (a. 2) the definition of J r (L) h n> J r (L)^ extends to morphisms in (RQFSAd) , so that we 
nave a well defined (covariant) functor ( ) : (RQFSAd) — > (RQUEAd) . 

(b) Let J £ (L) h G (LQFSAd)^ , where L is a Lie-Rinehart algebra which, as an A-module, is 
projective of finite type. Then: 

- (b.l) J l {L)l G (LQUEAd)^ , with semiclassical limit J l {L)l j 'h J e (L)^ ^ V t (L*) . 

Moreover, the structure of Lie-Rinehart bialgebra induced on L* by the quantization J e (L)^ of 
V (L*) — as in Theorem \4-4\ — is dual to that induced on L by the quantization J l (L) h of J l (L) 

— as in Theorem \4-13\ 

- (b.2) the definition of J e (L) h t-> J e (L)^ extends to morphisms in (LQFSAd) , so that we 
have a well defined (covariant) functor ( ) v : (LQFSAd) — > (LQUEAd) . 
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Proof, (a) To ease notation, let us write K h := J r (L) h . 

By definition, K£ is the unital fc[[ft]]-subalgebra of (Kh) „ :— k((hj) <%>k[[h]] Kh generated by 
hr x lh and s r (Ah) : thus it is automatically a unital fc[ [ft]] -algebra. It follows that KY is a unital 
fc[ [ft]] -algebra too, complete in the ft-adic topology. Moreover, Ih is an (Ah, Ah)-subbimodule of 
Kh : this implies at once that K£ and are (Ah, A/j)-bimodules too. As (Kh) F is torsionless, 
so are if^ and its completion if^ ; also, K^ is separated and complete, so it is topologically free. 

Let us now see that the coproduct in Kh induces a coproduct — in a suitable, ft-adical sense — 
for K^ as well. Given any <p £ Ih , we write A(</>) = </>(!) ® </>( 2 ) — a formal series (in S-notation) 
— convergent in the I/j-adic topology of Kh ■ Writing 0m and 0(2) as 

<A(l) = <f>p) + s r (dh(0(i))) , with 0+ s } := (1) - s r (d h ((f>(i))) £ Zh Q h 

4>(2) = ^ +t r (d h (<j) m )) , with 0+* := 0(2) -^(^(0(2))) e 3/, c 4 

we have seen that 

A(0) = <j)+° ) <z><i) {2) +s r (dh((l) il )))®(i>p ) +s r (dh(x))<Z)i e (^® J 4 fc -ftr/ l +^®A fl 4+fts r (^)®A fe i) 

All this implies 

A(ftrV) e (r 1 /,, ® Ak if/, + if/, i^ft" 1 //, + /(i/,) i) c K® Ah K 

In addition, we must observe the following. Every cf> G Ih expands as an 7/j-adically convergent 
series — J2 n eN + ^« w ^ n ^« e f° r an 71 e ^+ i tnen ^™ e ^fc™ = h n (h ~ 1 Ih) n for every n 
and so ft," 1 ^ expands as a series ft _1 = X)neN + ft™ _1 (ft _1 ^/i)" which is convergent in the ft-adic 
topology of K^ . As a byproduct of this analysis, we can apply the same argument to A(ft _1 0) 
and thus realize that it is actually a well defined element of K^ ®a h K^ , the ft-adic completion 
of K^ ®a h K^ . Finally, it is clear that in fact A(ft _1 0) even belongs to the Takeuchi product 
inside K% ®A h K% , as the parallel property is true for A(0) inside Kh ®A h Kh ■ 

As K x is generated — as an algebra — by hr x Ih and s r (Ah) , and K^ is its ft-adic completion, 
we finally conclude that the coproduct of Kh does provide a well defined coproduct for K^ , making 
it into a (topological) right bialgebroid over A h ■ 

Moreover, by construction K\ is isomorphic (as a fc[[ft]]-module) to (K^jh K^) [[ft]] . 

What we are left to prove — for claim (a.l) — is that K^ := K^ j hK^ be isomorphic to 

V r (L') for some Lie-Rinehart bialgebra, and that such L' — with its structure of (Lic-Rinehart) 
bialgebra induced by this very quantization — is isomorphic to L* with its structure of Lie-Rinchart 
bialgebra dual to that induced on L by the quantization Kh '■= J r (L) h we started from. 

We follow the strategy in [13] and [TU]. By the analysis we did so far we know that K^ is a 
deformation of the right bialgebroid K^ j ft : then we shall apply Proposition 13.211 (and the 
remarks following it) to show that the latter is indeed of the form V r (L') , with L' = L* . For 
computations hereafter we fix some notation: 3h := Kcr(dh) , K := Kh j hKh and 3 := Ker(d) 
for d:=d K . Also, from Theorem [5J](V we consider V e (L) h := +K h = *J r (L) h £ (LQUEAd)^ 
so that J r (L) h = V l (L)* h . 

We proceed in several steps. 

— • For all a £ Ah , we have s r (a) = t r (a) mod hK^ . 
Indeed, one has (s r (a) — t r (a)) £ Zh C I h = hh~ 1 Ih C hK^ , whence the claim. 

— • For every a £ A, the map t r (a) : A — > K^ j hK^ induced modulo ft by t r is injective. 

In fact, let a £ Ker(t r ) , and let a £ Ah be a lifting of a in Ah ■ Then for all u £ V l (L) h 
we have ( e , s l (a) u ) mod h = ( t r (a) , u ) mod h = ( t r (a) ,u) = a < e,u >= . This implies 
a £ ft Ah , so a = . 

- • The set P r (K h y ) of (right) primitive elements of K^ := K^ j hK^ — cf. Proposition 
13.211 — has a natural structure of right Lie-Rinehart algebra, induced by specialization from K^ . 
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Indeed, this is entirely standard. Both the Lie bracket [ , ] and the anchor map ui are recovered 
as semiclassical limits of commutators from the multiplicative structure and source/target structure 
of the "quantum right bialgebroid" K^ . Namely, for any x, y € P r (K h / ) and a £ A , choose any 
lifts x\y' € K^ and a' 6 Ah of them: then defining 

a.x := x' s r (a') mod hK^ , [x,y] ■= x' y' — y' x' mod hK^ 
ui(x)(a) := dh (x' s r (a') — s r (a') x') mod hA^ 

it is a routine matter to check that P r ( ) is made into a Lie-Rinehart algebra over A . 
— • Set ZX := h~ 1 3h ( C K^) and 3^ := 3^ mod h K^ ; then ZX * s a Lie-Rinehart subalgebra 

oiP r {iq). 

Indeed, let <j> € Zh > an d set V := h^ 1 ^ 6 3^ . Then acting as in the first part of the proof 
(with notation introduced therein) we get 

a(0) = (1) ®0 (2) = (^i)- s r (a, i (0 (1) ))+ s r (9,(^ (1) )))®(0 (2) -r(a, i (0 (2) ))+r(^(^ (2) ))) = 

= .S r (^(0 (1 ))) ®f(Shfa(2))) +^x) ®t r (^,(0(2))) +S r (5, 1 (0 (1) )) ® ^+^5*) ®^ = 
= ® 1 + ^ ® t r (flh(0(2))) + S r (^ («/>(!))) ® 0+* + 0+) ® = 

= ^ ® l + 1 (gi ^ + ^ (gi ^< e «/>®i + l®«/» + Jh ®a„3/i 

thanks to the assumption <fi £ Zh (and to several identities holding true in any right bialgebroid). 
As 3 ft = hh- 1 Zh = hZ y h C /i^ v , we end up with A(</> v ) = <£ v ® 1 + 1®0 V + h (K% §>A h K^) , 
so that := </> v mod /lif^ is primitive in 1^. This proves that ZX Q P r (~K h 7 ) . 

Finally, ZX is a Lie-Rinehart subalgebra of P r (K h / ) if and only if it is a (right) A-submodule, 
closed for the Lie bracket. Now, by definition Zh is a right ideal in Kh , and this implies — by 
construction — that ZX i s a (right) A-submodule. As to the Lie bracket, if x,y € ZX we have 
by definition [x,y] := x' y' — y' x' mod hK^ for any choice of liftings x',y' € if^ of x and y . 
On the other hand, we can clearly choose x', y' 6 3^ , so that x' = /i _1 x > 2/' = , for some 
Xi V £ 3h i then we have 

x'y'-y'x' = h' 2 (xv-VX) e /i~ 2 (3h f| ^ -Kfc) = ^~ 2 ^ = fr" 1 ^ =: 3^ 

since Zh is a right ideal and Kh/hKh = J r {L) is commutative. It follows that [x,y] € 3^ > q.e.d. 

-• We will now show that Zh f) hK h = Zh+Z^Zh = hZX + h(ZX) 2 . 

Indeed, the second identity in the claim is a trivial consequence of Zh := h~ 1 Zh ■ As to the 
first one, as Kh = J r {L) h , we distinguish two cases: either L is free (as an A-module), or not. 

If L is free, then the identity Zh f] h K~h ~ 3h+ZX -3h is an easy, direct consequence of the 
description of ZX given in i )6.3l here above in the free case — i.e. part (a). 

If instead L is not free, then we proceed as follows. First consider Kh,Y and Zh,Y , and construct 
from them Y and ZXy ■ ^ n this case, the description of Zh y gi yen i n ^6.31 part (b), implies again 
easily the identity Zh y D ^ ^h y = 3ft,y +ZX y Zh, y ■ Now consider the map : Kh,y — > Kh , 
introduced in M.17]f b), for J r (L) h := and J r {L) hY := Kh.y '■ this is a an epimorphism of 
right bialgebroids, thus in particular 7r v (3/i,y) = Zh ■ Then it follows at once that it Y canonically 
induces another epimorphism of right bialgebroids tt y : K^ Y — > K^ such that t^ y {ZXy) ~ ^h ■ 
But then, using n Y and ir Y and the identity ZXy C\ hK^y — Zh.y +3^y3h,y we easily deduce 
the identity Zh f] ^ ^h = 3h + Zh 3ft we were looking for. 

-. There exists an A-linear isomorphism : Zl / (hZl + h$tf) = ^ ~ hence hereafter 
we shall identify ZX and ^X/ (j 1 ^ + h (^ft) 2 ) via ^ and V-' -1 • 

Indeed, the natural projection map K^ — » K^ := K^/hK^ , whose kernel is hK^ , yields 
by restriction a similar map ZX — n %X := ^ j (ZX D h K h) whose kernel is (ZX fl ^ ^ ) • B Y the 
previous step, we have ZX D ^^ft = hZX + h (^X) 2 > whence we get an A-linear isomorphism. 
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- • There exists an A-linear isomorphism a : ZX — Z% / [h-ZX + ^ (3)0 J — 3/ 3 2 —'■ L* , 
where 3 = 3j-(l) := Kei(d.,r {L) ) , given by h^y H> a(h~ 1 y) := y mod 3 2 . 

Indeed, there exists a natural projection map a" : Zh — » Zh/hZh = 3 — » 3/3 2 =: £* , whose 
kernel is (hZ h + Zl) ■ Then <r' : Z v h := h^Zh — > 3/3 2 =: L* (h^y ^ a 1 (h^y) := a"(y)) 
is a well defined /c-linear map, whose kernel is (Zh + h^Z 2 ) = O 1 ^ + ^ (3ft!) 2 ) • Therefore a' 

canonically induces a fc-linear isomorphism a : ZX — ZX j (^3ft + h (3ft) 2 ) c » 3/3 2 =: L* 

given by h~ 1 y i-> erf ) := <j"(y) ; also, it is straightforward to check that this is A— linear too. 

- • We have <E (RQUEAd)^^ , namely K% = V r (L') for the Lie-Rinehart A-algebra 

V := ZX (with the Lie-Rinehart structure mentioned above). 

Indeed, what we proved so far show that L' := ZX is a Lie-Rinehart subalgebra of P r (K h / ) , 
which together with A generates (as an algebra) and is finite projective as an A-module (since 
it is isomorphic, as an A— module, to L* , see above). Therefore, all conditions in Remark 13.221 are 
fulfilled, so it applies and gives K% V r (L') for V :=Zj = P r {K%) ■ 

• There exists on the Lie-Rinehart algebra V a unique structure of Lie-Rinehart bialgebra, 
canonically induced from the quantization of V r [L'j . 
In fact, this is just a direct consequence of Theorem 14.71 

- • The A-linear isomorphism a : 3ft — Z% / (hZX + h (3ft) 2 ) — Z j Z 2 =■ L* is actually an 
isomorphism of Lie-Rinehart bialgebras over A . 

In order to prove this, we must show that a preserves the Lie bracket, the anchor map and the 
differential 6 (cf. Definition 12. 20[) on either side. 

For the Lie bracket, let x,y <E ZX, '■ gi vcn Xi V £ 3ft such that x = h~ 1 \ , y = hr 1 ^] , we have 

[x,y] = h- 2 (xv-VX) mod hK y h = h- 2 h( mod h K% = h^C mod/i^ 

for some £ G Zh ■ But then also £ := £ mod hKh =■ {x>v} — where a := a mod hKh for all 
a G Kh — by Theorem l4.12l Now the Poisson bracket of Kh j h Kh restricted to Zh pushes down to 
the Lie bracket of Zh/Z 2 =: L* ; thus setting X := x mod Z 2 , Y :=rj mod Z 2 (s 3/3 2 =: L*), 
we have [Jf, V] = {xj??} mod Z 2 = Z . Now, by construction we have X = a(x) , Y = a(y) , 
and the previous analysis eventually gives also a([x,y]) = Z = [X,Y]= [a(x),a(y)] , q.e.d. 

For the anchor map, let iGj^, X G 3ft , X £ Z/Z 2 = L* as above, and take a G A and 
a' G Ah such that a' mod h Ah = a . Then direct computations give 

u(x)(a) = d h (h- 1 X 3 r (a')- s r {a')h- 1 X ) ™&hA h = 

= d(h- 1 ( X s r (a')-s r (a') X ) modhK,^ = u(X)(a) 
which means ui(x) — oj(X) — w(a(x)) , that is a preserves the anchor, q.e.d. 

Finally, in order to compare the two differentials on ZY an d L* , respectively denoted 6' and 6" , 
recall that in any Lie-Rinehart bialgebra (£,A) — in the present case (L*,A) — the differential 
6c is related with the Lie bracket and the anchor map by the identities 

(f,6c(a)) = wc4\)(a) , (f® = w £ .(f) « m, a;)) - w £ .(m)((f, x)) - <[f , m] £ ., x) (5.1) 

for all x e C , f ,m G C* , a G A — see Remarks YFZW b). We apply this to (£, A) = {L* , A) . 

For the differential on A , we must prove that cr(5'(a)) = 6" (a) for all a G A , which amounts to 
show that ( f , cr(<5'(a))) = (f , 6"(a)) for all a G A and all f G L . For this comparison, recall that 

V (L) h :— i,J r (L) h G (LQUEAd)^ is a quantization of V e (L) , by Theorem 15. 7V a): moreover, the 

natural pairing between V e (L) h and J r (L) h (given by evaluation) is a right bialgebroid pairing. 

Now choose a lifting a' € Ah of a G A and a lifting /' G V (L). of f G L : more precisely, we 

choose /' G Ker (€ v i (L) ) . Then direct computation gives 

, . . , , . / , s r (a') -t r (a') \ 

(f, a(6'(a))) = h- (f ,6'(a)) modhA h = h-(f, — — — \ modhA h = 

= ( f , s r (a 1 ) - f (a')) mod /i Aft = ( /' s e (a 1 ) - s e (a') f , 1 ) mod h A h = 
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= (f./(a')-t e (a>)f, 1) mod hA h = (( /' s\a') , 1 > - < t e (a') f , 1 >) mod h A h = 
= ((/V(a'), !>-</', l>o') mod /i A ft = (/V(a'),l) mod /i A/j = 

= e^J/'sV)) mod A A = e v « w (fo) = w L (£)(a) - (f, 5») 
(cf. iJ3. 121 for the last but one identity). This proves that cr(8'(a)) = 5"(a) for all a G A. 

For the differential on L* , consider x := x v = € > with x 6 $h ', then we have 

a(x) := x mod J 2 =: X € 3/3 2 = £* ■ Our goal is to prove that (a ® cr)((5'(a;)) = <5"(ct(.t)) . 

Write A(x) = X(i) ® X(2) as A(x) =x®l+l®X+ X[i] ® X[2] ! then we have A(x v ) = 
X v (g> 1 + 1 g> x v + h J2[e] X\i] ® X[2] — wher e X[-j := A _1 X[i] , for i G {1, 2} — so that S'(x) := 
_ x [i] ® x ffl +J2[e] x m ® x [i] with x [i\ '■= X[i] for * G {1, 2} . In all this, x v := fr _1 X is a lifting 
of x G V in V r (I/) ft := J r (L) h , and x is a lifting of X := a(x) in J r (L) h ; in addition, we can 
assume that dh(x) = 0- We adopt similar remarks, and notation, for xu] , X[i] and := cr(xu\) 
with i G {1, 2} . Now for f, m G L and liftings /', m! G V e (L) h of them, direct calculation yields 

(i®m,6"(*(x))) = (f»m,i"(I)) = W I(f)((m,I))- U 2(n.)((f,I))-([f,m]J,X) = 

= e vf(i) (f(m,X)) - e v * (i) (m(f,X» - (fm-mf,X) = 

= (</'•**«"»', X», 1) - (m'-i £ «/',x)), 1) - (f'm'-m'f', X )) mod h A h = 

= ((/'■^((m',x)),l>-(m'-^({/',x}),l>- 

-(/'•*'((/', X(2)}), X(i)> + (m'-^((/',x ( 2)}),X(i)>) mod U fi = 

= ((/'•^((m',x)),l) - (m'.^«/',x»,l) - (/'•^((mM)),x) + 

+ (m'.^«/',l»,x) - </'^((m',x»,l) + <m'^«/',x»,l) - 

- (/' -t £ ((m',X[2])) ,X[i]) + {m! -t l ({f ,X[2))) ,X[i]) ) mod /iA ft = 
= ((m'-^((/',X[2])),X[i]> - (/'•i'((m',X[2])),X[i]>) mod ft A, = 

= ( (m', X[i]S r ((/',X[2])) >-</') X[i]S r ((m',X[2] ))) ) mod U/, = 

= ((m',X[i]i r ((/',X[2]))) - </',X[i]i r ({m',X[ 2 ])))) mod ft A = 

= ( (m', X[i]) (/',X[2]) - (/', X[i]) (m',X[2] ) ) mod hA h = 

= (m,a(x [1] ))(f,a(x [2] )} - ({,a(x [1] )){m,a(x m }) = 

= (f ® m, (a®a)(A [ll (x) 21 - A [1] (a;)) ) = ( f ® m , (<r ® a) ($'(*)) ) 

Here above we used the fact that s r ((f, X[2])) — t r (( m \ X[2])) belongs to 3/i , so that we have 
X[i](s r «/',X[2]))-i r «/',X[2]))) e3 2 and <m', X [i] X[2]>) - * r ((/' , X[2]>))) = modhA h . 

Thus (f®m,8"(<r(x))) = (f ®m, (<t®ct)(8'(x))) for f,meL,so 6"(a(x)) = (a®a)(S'(x)) . 

In the end, all the above eventually completes the proof of claim (a.l). 

As to claim (a. 2), let (K h , A h , s^ h , t r Kk , A , 5^ h ) and (A , 5/j , s^ fc ,t r rh ,A, dr h ) be two RQF- 
SAd's, and let (/, <p) : Kh — > A. be a morphism between them in (RQFSAd) . The very definition 
of morphism in (RQFSAd) imply at once that (j)[s r K ,(Ah)) C s r p h (Bh) — because 4>°s r Kh = s r o f 
— and (j)(lK h ) Q Ir h — because dr h °<j) = 9k h — hence also ^(h^ 1 Ik h ) Q h~ x Ir h for the nat- 
ural, fc((/i))-linear extension of (f> : Kh — > ZTj to 4> x : (Kh) F — > (-Oi)f ■ By construction, this 
implies that 4> x defines by restriction a morphism X : K^ — > r? , and this in turn extends by 
/i-adic continuity to a well defined morphism <fi v : K\ — > in the category (RQUEAd) . 

(b) A direct proof of claim (b) can be given mimicking stepwise the proof of claim (a). Other- 
wise, it can be deduced from claim (a) (and, clearly, the roles of the two results in this deduction 
can be reversed) as follows. 
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If r h := J e {L) h G (LQFSAd) Ah , then (r h )° c p oop G (RQFSAd)^^ ; thus by claim (a) we have that 

{{r h )Zo P ) V e (RQUEAd) Ah . Now, by construction ((r h )Z p f = (^ V )l p , hence we deduce 
that r h v G (LQUEAd)^ . All other aspects of the claim also follow from this argument. □ 



6.2 The Drinfeld functor(s) ()'='() 

We introduce now a second type of Drinfeld functor, denoted H i-> H' . Just like for the functor 
H i->- H v , this also is inspired by the similar notion introduced for "quantum" Hopf algebras (see 
|13j): nevertheless, in this case we must be more careful, as we shall presently explain. 

Let Hh be a left (or a right) bialgebroid. If s e h — t l h =: i l h , then we can define H' as in the 
"classical" framework of quantum Hopf algebra deformations. Let us recall it. 

First recall some notation. For any non empty ordered subset E = {ii, . . . , ik} C {1, . . . , n} 
with ii < ■ ■ ■ < if. , define the morphism j E : H® k — > H® n by 

3E{ a i ® " " " ® Ofc) := b\ ® • • • ® b n with bi := 1 if i £ E and bi m := a m for 1 < m < k. 

For each n G N , define the "iterated coproducts" A" : H — > H® n by A := i l h o e , A 1 := id// , 
A" := (A ® idf ( ™~ 2) ) o A"" 1 for all n > 2 . Then set 

A E :=j B oAl B l, A := A , and 5 B := E^c^-l)""'^'^' , <5 :=4°e 

By the inclusion-exclusion principle, the inverse formula Ae = Sb'cb^* holds. As usual, we 
introduce the notation Sq := 6$, 5 n := 5ii n }- Then, we define 

H' := {aeH\S n (a) eh n H n VnGN} C H 

We have also the formula 5 n = (id# — s l o e)® n o A™ , where (idn — s e o e)®" [ s the projection 
of H® n onto Z® n defined by the decomposition H = 3 ® , with J := Ker(e) as usual. 

If s e and i f do not coincide, then j# is not well-defined, nor is ]e o A" . The projection of H® n 
onto 3® ra is not defined either, because the [Ah <8> -module 3/i does not have a complement in 
Hh . Therefore, as s l and t e do not necessarily coincide, we adopt the following definition: 

Definition 6.5. As above, we use notation (Hh) F '■= k((h)) ®k[[h]] Hh ■ 

(a) If Hh € (LQUEAd)^ , we define 

K ■= { V e (H h ) F | ( r, , (H h *) x )eA h } , 'H h := { r, G (H h ) F | < V , {(H h ).) x ) G A h } 

(b) If H h G (RQUEAd) Ah , we define 

Hi ;= { V e(H h ) F \(r 1 ,(*H h ) x )eA h } , 'H h := { V G (H h ) F \ { rj , ( *(#,,)) * ) G A } 

Proposition 6.6. Lei F h G (LQUEAd)^ . 77ien 
(ty ^ C H,, , 'ff h C ff h 

K = *((H h *) X ) = *((^) V ) , 'H h = *{{H h ):) = *{{H h )?) 
Hf[ = { X : H*^A h | A(u + u') = \(u) + X(u') , \{ut r (a)) =a\(u) , A(lJ,) C V n } 

'H h = {A: H h ^A h | A(it + u') = A(it) + A(u'), A(«s r (a)) = A(u)a, A(/^J £ Vn} 
(1>J TTie analogous results hold if Hh G (RQUEAd)^ . 
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Proof. We reproduce the proof of [T3]. Consider H^ in case H h G (LQUEAd) Afc and set K h := 
H£ : we prove that = = *((H h *) X ) , the rest being entirely similar (left to the reader). 

It is clear that H,[ C *(K h x ) = *((H h *) x ) , by definition. For the converse inclusion, consider 
/ G *(K£) : it is determined by f\ K . As f(h- n P h l ) C A ft , one has /(/,") C : therefore 

/ &*K h = *(H*) =H h .In addition" /(#*) C ^ yields / G fT fc ' , q.e.d. 

Finally, it is clear that *(if^ x ) = *(i^ h v ) because every linear functional on restricts to 
a similar functional on Kj* and, conversely every linear functional on K h x uniquely extends (by 
/i-adic continuity) to a similar functional on . 

All the above proves all aspects of the statement concerning ; by similar arguments, one 
also proves those about 'Hh as well. □ 



Remark 6.7. If H h G (LQUEAd) Afe , then ((H h )° c p oop )' = ('H h )2 op . This follows from the 
following three remarks: 

— if U is any left bialgebroid, then {U„)°^ op = *(U°v) as left bialgebroids; 

— if W is any right bialgebroid, then {*W)° c ^ op = (W°^ op )^ as right bialgebroids; 
— the functor ( ) v commutes with the functor ( )° c ^ op . 

Similarly, one has '((Hh)° C g 0p ) — (H' h )°^ op . Finally, in the same way one finds also the parallel 
identities = ('H h )'» and >((H h )Z p ) = (H' h )° c P oop for every H h G (RQUEAd) Aft . 



6.8. Explicit description of 'Hh ■ For a given Hh G (LQUEAd) Ah , we shall now provide an 
explicit description of 'Hh ■ 

Write Hh = Zh © sg(Ah) , and let tt s be the projection of Hh onto Zh ■ note that this is not a 
morphism of (A h ®AY) -modules. We need the following lemma, whose proof is left to the reader: 

Lemma 6.9. For any u £ Hh and a E Ah , one has n s (s^(a) uj — s^(a) w s (u) . 

If in addition t e (a) — s e (a) = hj for some j &Zhi then ir s (t ( (a) u) = s e (a) ir s (u) + hir s (j u) . 

The operator nf n is not defined on H h ®a h H h ®a h • • • ®A h H h ■ If u% ® • • • ® u n G H h ®a h 
Hh®A h ■■■ ®A h Hh , then 7r s (ui)®- • •®7r a (u n ) depends on the way of writing of fii®---®u„. We 
will say that the component of u i ® • • • ®u n in 3®" is defined up to h n Zf n if u i ® ' ' ' ® "n = 
® • ' • ® «n implies X)7r s (ui) ® ' ' ' ® - X^^i) ® • • • ® 7r s (v„) G ■ 

Lemma 6.10. Let u G Hh and n G N+ . // £/ie component of A"(w) m is defined up to 
h n Zh^ n an d belongs to h n Zf n , then the component of A n+1 (it) is defined up to - 
hence it makes sense to say that it belongs to /i n+1 3? _ 

Proof. If the component of A ra (u) in J®" is in h"Zf n , then A™ (u) can be written as 

A n (u) = X) ^"^l ®---®^n + other terms 

where all the fa 's are in 3/i and "other terms" stands for a sum of homogeneous tensors containing 
(as tensor factors) elements of se(Ah) which do not occur in the computation of the component of 
A ,l+1 (u) in Zh +1 ■ Assume that A™ +1 (m) can be written, for some a G A, as 

v n+l 



A n+1 (w) = Y. hn Xi® ■ ■ ■ ®t {a)Xi®Xi+i® ■ ■ ■ ®Xn+i + other terms 



or 



A" +1 (u) = J] h n xi ® ■ ■ ■ ® Xt ® s e (a) Xi+i ®---® Xn+i + other terms 

and let us compute 7rf 1( '™ +1 ' ) (A n+1 (u)) in both cases. 

In the second case, 7rf >( ' ,l+1 ' ) (A™ +1 (ii)) can be written as 

% f{n+i) ( A "+») = £ h n tt s (xi) ®---® 7T s ( X i) ® s e (a) 7r s ( Xl+1 ) ®---® 7T s ( Xn+1 ) 
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In the first case, if we write t £ (a) — s e (a) = hj (with j E Zh) and use the previous lemma, we get 
nf n+1 \A n+1 (u)) = £ h n 7T s ( X i) ® • ■ • ® t e (a) n s ( Xt ) ® 7T s ( Xi +i) ® • • • ® 7T s ( Xn+1 ) + 

+ ^"^(Xl) ® ■ ■ ' ® TTs(Xi-l) ® & ( - j^sfe) +7Ts(iXi)) <8>7T S (Xi+l) ' " '®^s{Xn+l) 

Taking the difference between the two computations we find 

h n 7r a (xi) ® • • ■ ® 7r s (xi-i) ®h{- j ir s (xi) + TT s {j Xi)) ® t»(x»+i) ■ • • ® T«(Xf»+l) 
which does belong to ; q.e.d. □ 

Notation: If the component of A™ (it) in 3® n is defined up to h n 2® n , we shall write it as 6™(u) . 
Then the condition <5™(u) g h n Z® n perfectly makes sense. Hereafter we shall write <5"(it) € h n 2® n 
to mean that <5™(u) is well defined — i.e., the component of A n {u) in 3 <gln is well defined — up to 
h n Z® n and it belongs to h n %® n . 

For the rest of the discussion, we introduce also the following notation: 

S s (H h ) := {ueH h \ (u) G h n jf n V n G N+} 
We need again a couple of technical results: 

Proposition 6.11. Let u € 8 s {Hh) ■ Then A(u) can 6e written as 

A(u) = u ® 1 + £ u (i) ® u '(2) u '(i) e &s{Hh) and u', 2 j G /i^ft 

Proof. First case: L is a finite free as an A— module. 

Let {§i , e?2 , . . . , e n } be a basis of the A-module L : we lift each ej to an element ej G H/i 
such that e(ei) = . Let u G 5 s (Hh) ■ We write A(u) as 

A(u) = u' ® 1 + £ Q N „ Uo) ® e- with lim ||u„||=0. 

— |q|— >+oo 

for suitable w', u a G if/, . The relation m Hh (is^ o e) ® id) (A(tt)J = u gives u' — u . Thus we have 

A(w) = u ® 1 + EaeN"\{0} u « ® e " 
The relation m Hh ((s £ oe)® id)(A(u)) = u yields the identity 

EaeN"\{o}^( £ K)) e - = u-s l (e{u)) 

As u G S s (Hh) , one has u — s (e(u)J G ft-Jh, which implies that s (e(«„)) G /if?h ; hence 

s £ (e(wa)) = sj(e(ua)) = G HhjhHh ■ As sj is injective, we get e(ua) — 0, that is to say 

e(ua) EhA h . 

If n > 1 , one has 

TO = Ea6N»^ _1 ("a)®ea G h n 3®" 

which implies i5™ _1 (wa) G /i™ and ii„ £ 8 s (Hh) . Let u„ =7r s (w 2 ) =Ua-/(e(u 2 )) . For 
all n > 1, one has <5"(?Iq) = <5™(uq) G ■ In particular for n = 1 we get u„ = /iw a for 

some w a G S s (Hh) . The element ii„ can be written as m„ = /i (wQ + s'(/i _1 e(iio))) G h5 s (Hh) ■ 

Second case: L is finite projective as an A-module. 

Like in Subsection 14.21 we fix a finite projective A-module Q such that L © Q — F is a finite 
free A-module. We fix an A-basis B := {e\ , . . . , e„} of F : then we call Y the fc-span of B , so 
that we can write F = A ®fe Y . Moreover, we construct the (infinite dimensional) Lie-Rinehart 
algebra Lq — L® (A® fe Z) , with Z = Y®Y®Y(B- ■•, which has a good basis {ej}j er:=Nx a n \ 
defined by B . Like in £14.151 we can define B^ y and 8 s {Hh,Y) ■ Now given u G 5 s {Hh,Y) , we can 
write A(u) as follows: 

A(u) = u ® 1 + Z) Q gT( H )\|o> e " witn lim || u q||=0 

— — |a|+ro(ci)— ^+oo 
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Then the same reasoning as above shows that the proposition is true for H^ y in the role of Hh . 

Recall (cf. i)4.15p that H h ,y = H h ® {Hh <§>fc S{Z) + ) where H h ® k S(Z) + is the /i-adic com- 
pletion of Hh ®k S(Z) + , with Z — Y ®Y ®Y ® ■ ■ ■ ; the natural projection ix Y : Hhy — » Hh is 
then a morpism of left bialgebroids. Moreover, if Zh,Y is the kernel of the counit of Hh,Y , we have 
Zh.y — Zh® {Hh ®k S(Z) + ) . Now it is easy to see that, if u G S s (Hh,Y) , then ir Y (v) G S s (Hh) ■ 

Now let u G S s (Hh) . By the result for Hh,Y , we know that A(it) can be written as 

A(u) = u ® 1 + u {i) ® u '{2) with u',^ G S a (Hh,Y) and u', 2 >.EhZh,Y 

As 7i> (it) — u , applying 7iy ® 7i> to the previous identity we get 

A (it) = it <g> 1 + £)7iy(ti'm) <g> 7r y (M( 2 -j) 
with ^(m^) G 7T y (5 s (-fffc,y)) = 6„(Hh) and 7r y (u( 2 )) S ft7iy = , q-e.d. □ 

Lemma 6.12. s < '(A/ l ) • S s (H h ) C 5 a (ff h ) and t«(A h ) • 5 S (^) C 5 S (^) . 

Proof. Let it G S s (Hh) and a G A/j . The properties s £ (a) it G S s (Hh) follows from the following 
properties: n s {s e (a) u) — s t {a) n s (u) and A n {s e (a)) = s e (a) ® 1 ® • • • ® 1 . Let us now show that 
5™(i £ (a)w) G /i"3® n for all ra G N. Write i f (a) - s e (a) =hj with j G Zh ■ 

For n = 1 , by Lemma 16.91 we have TT s {t i (a) it) = s e (a) n s (u) + hw s (j it) G hZ ■ 
For ?i > 1 , let us show that <5™(i £ (a)) G /i"^®" . Set A(u) = u® 1 + it' (1) <g> u' (2) with G 
8 s {Hh) , u', 2 ) & hZh (cf. Proposition lB.llI) . Then A(t^(a)u) = u<8)t l (a) + u',-^ <S>i (a) u', 2 >. , hence 
5™{t e {a)u) = «^- 1 (w)®7r s (^(a)) + ®7r a (^(a)u' (2) ) , thus (5™(t £ (a)ii) G • □ 

We are now ready for the first key result of this subsection: 

Theorem 6.13. With assumptions and notation as above, we have 

'H h = {ueH h \ S?(u) G h n Zf n V n G N+ } =: 6 s (H h ) 

Proof. To begin with, we show that 8 s (Hh) Q 'Hh . To this end, we prove that for any it G S S (H) 
we have ( it , I^ Hh ^ ) Q h n Ah for all n G N + , using induction on n . 

Take n = 1 . As u G S S (H) , note that <5 1 (it) £ hZh implies u = hj + s e {e(u)) with j G 3/i • 
Then one has 

(u,I Hh ,) = h(j,I Hh *} + e(u)(l,I Hht ) G U ft 

Now assume it > 1 . For our it G 5 S (H) , set A(it) = it ® 1 + uL-. ® with it'^ G S s (Hh) and 
u'( 2 ) € hZh as in Proposition 16 . 1 II Let a G i]y h be of the form a = a\ a 2 with ai G ln h , and 
a 2 G Itf^ 1 '■ then, as the pairing ( , ) between Hh and Hh* is a left bialgebroid pairing, we have 

(it,aia 2 ) = {t e {(u[ 2)l ai))u' (1) , a 2 ) + j )) n , a 2 ) G h n A h 

by the induction hypothesis and the case n = 1 (also using the two previous lemmas). 

Conversely, let us now show that 'Hh C 8 s (Hh) ■ To this end, we prove (by induction on n) 
that for any it G 'H h one has (5^ (it) G h n Zf n for all rt G N. 

For rt = 1 . As it G 'Hh we have (u,Ih h ,) Q h Ah ; on the other hand, Sl(u) = u — s l {e(u)) 
by definition. Then we have (Sl(u),\) G h Ah , if A G Ih h , because 

(u - s e {e(u)) , A) = (ii,A)-( S £ (e(ii)),A) = (u, A) - e(it) (l , A) = (u , A> - e{u) d(X) G hA h 

On the other hand, clearly Sl(u) =u — s e {e(u)) G Zh , hence Sl(u) G Zh^hHh = hZh ■ 

Let now n > 1 , and assume by induction that <5™ _1 (ii') G h 71 - 1 ^®^- 1 ) f or a ll it' g 'Hh ■ For 
our u G 'Hh , write A(u) = U(u ® it( 2 ) with itm and ii( 2 ) G 'i? . As A n (it) = A™ -1 (um) ® it( 2 ) , 
we deduce that S"(u) = 5™ _1 (u(!)) <g) i5j(it( 2 )) G /t n 3®" by the induction hypothesis and the 
case n = 1. □ 
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6.14. Explicit description of H^ . We shall now give an explicit description of : this will 
be entirely similar to that for 'Hh , thus we shall only outline the main steps, without dwelling into 
details — which can be easily filled in by the reader. 

Write Hh =2h® tt(Ah) , and let 7r t be the projection of Hh onto Zh ■ once again, this is not a 
morphism of [Ah ®A° h v ) -modules. The operator irf n is not defined on Hh®A h Hh®A h 4 • -®A h Hh : 
indeed, if ui(g)---®u n £ Hh®A h Hh®A h ---®A h Hh, then nt(ui)®- • •£3>7r t (ti„) depends on the way 
of writing ui®' • -(8>u„ . We say that the component of u i®' • -®«n in 3®" is defined up to h n $f n 
if ' = ■ yields ^ir t (Mi )»' ■ -®7rf (m w )-^ ^(Vl)®- ■ -<g)7r t (u n ) € h n Z® " . 

The following lemma is the parallel of Lemma Rp.lOl with similar proof. iVote that the statement 
is formally the same, but actually the "componentes" to which one refers in the two claims are 
defined with respect to different projectors — namely nf " or nf n — in the two cases. 

Lemma 6.15. Let u £ Hh ■ If the component of A n (u) in is defined up to h n ^f n and belongs 
to h n 3f n , then the component of A n+1 (u) is defined up to — hence it makes sense 

to say that it belongs to h n ~^ l Z?^ n+ _ 

Notation: If the component of A n (u) in $f n is defined up to h n 3® n (in the above sense), we 
shall write it as 6"(u) . Then the condition <5"(u) £ h n $® n perfectly makes sense. Thus we shall 
write S™(u) £ h n 3® n to mean that Sf(u) is well defined (i.e., the component of A n (u) in 3®", in 
the above sense, is well defined) up to h n 3® n and it belongs to h n 3® n . Also, we set 

S t (H h ) := {ueH h \ 5?(u) £ h n jf n V n £ N+} 

Arguing like for 'Hh , we can then prove the following, analogous characterization of H^ : 

Theorem 6.16. With assumptions and notation as above, we have 

Hi = {ueH h \ S?(u) £ h n Zf n V n £ N+} =: S t (H h ) 

Remark 6.17. The study of 'H h and H^ we have done for LQUEAd holds for RQUEAd as well. 
One can check it directly (via the same arguments) or, besides, deducing the results for RQUEAd's 
from those for LQUEAd's in force of the general identities {H^) coo = ' ((Hh)°g 0p ) ■ 

Thanks to the characterizations in Theorem 16.131 and Theorem 16.161 we can eventually prove 
the following remarkable result: 

Theorem 6.18. Let H h be a LQUEAd or a RQUEAd. Then H,[ = 'H h . 

Proof. We begin with Hh being an LQUEAd. We show, that for any u £ 5 s (Hh) we have 
5t(u) £ h n Z® n for all n £ N, by induction on n. 
For n — 1 , one has 

Sl(u) = u — ti(e(u)) = u — se(e(u)) + s e (e(u)) - tt(e(uj) 

As s l — t l = Q mod h , one has s e (e(u)) — tr{e{u)j Eh Ah - Moreover, we have also e(s (e(tt)J — 
t e (e(u))) =0, so that s l (e(u)) - t £ (e(u)) belongs to 3h PI h A h = h2h ■ Thus 8] (u) £ hZh , q-e.d. 
For n > 1 , let us write A(u) — u ® 1 + u',^ ® u',^ with u',^ £ S s (Hh) and u', 2 \ £ hZh as 

in Proposition 16. Ill Then one has <5™(u) = (5"" 1 (w^) ® Sj (wL)) > which is an element of h n Z® n 
thanks to the induction hypothesis. 

By the above we have proved the inclusion S s (Hh) C St(Hh) ] the reverse inclusion can be 
shown in the same way, so to give S s (Hh) = $t(Hh) ■ By Theorem 16.131 — giving 'Hh = S t (Hh) 
— and Theorem 16. 161 — giving H^ — S s (Hh) — this eventually implies H£ = 'Hh ■ 

For Hh a RQUEAd, we can provide a direct proof by the same arguments used for a LQUEAd; 
otherwise, we can deduce the result for RQUEAd's from that for LQUEAd's, as follows. 

If Hh is a RQUEAd, then (Hh)° c ^ op is a LQUEAd; then we have the chain of identities 

WX P oop = '((H h )Z P ) = ({Hh)7 oop )' = ('H h ) Z ov , whence 'H h = H£ follows too. □ 
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We are now ready for the main result of this subsection. In short, it claims that the construction 
Hi L i— > 'Hh = 11^ , starting from a quantization of L — of type U^/ r (L) — provides a quantization of 
the dual Lie-Rinehart bialgebra L* — of type J l / r (L*) ; moreover, this construction is functorial. 

Theorem 6.19. (a) Let V e (L) h € (LQUEAd)^ , where L is a Lie-Rinehart algebra which, as 
an A-module, is projective of finite type. Then: 

- (a.l) 'V i {L) h = V e (L)' h G (LQFSAd)^, with semiclassical limit V l (L)' h jh V e (L)' h = 
J l (L*) . Moreover, the structure of Lie-Rinehart bialgebra induced on L* by the quantization 
V £ (L)' h of J e (L*) is dual to that on L by the quantization V t {L) h of V £ (L) ; 

- (a. 2) the definition of V i (L) h i— > 'V l (L) h — V e (L)' h extends to morphisms in (LQUEAd) , 
so that we have a well defined (covariant) functor '{) = {)'■ (LQUEAd) — > (LQFSAd) . 

(b) Let V r (L) h G (RQUEAd)^ , where L is a Lie-Rinehart algebra which, as an A-module, 
is projective of finite type. Then: 

- (b.l) 'V r {L) h = V r (L)' h G (RQFSAd) Ah , with semiclassical limit V r \L)' h j ' hV r \L)' h ^ 

J r (L*) . Moreover, the structure of Lie-Rinehart bialgebra induced on L* by the quantization 
V r (L)' h of J r (L*) is dual to that on L by the quantization V r (L) h of V r (L) ; 

- (b.2) the definition of V r {L) h \-t 'V r (L) h = V r (L)' h extends to morphisms in (RQUEAd) , 
so that we have a well defined (covariant) functor '() = ()• (RQUEAd) — > (RQFSAd) . 

Proof, (a) Given V l {L) h G (LQUEAd)^^ , we know that J r (L) h := V e (L)* G (RQFSAd)^^ , 
by Theorem WM a h th en V r {L*) h := J r {L)^ G (RQUEAd) Ah is a quantization of V r {L*) , by 
Theorem 16.41 Now, there is a unique way to endow (V l {L)h)' with a left bialgebroid structure 
such that the standard (non degenerate) pairing between (V e (L) h ) and ((V e (L) h )*) = J r (L)^ 
is a bialgebroid left pairing: indeed, by Proposition 16.61 this pairing identifies (V e (L)h)' with the 
left dual of ((V £ (L) h )*) V = J r {L)l , that is (V e (L) h )' = *(j r {L)^) as right bialgebroids. Then 

(V e (L) h y = *(J r (L)Z) = *(V r (L*) h ) = j\L*) h 

where J i {L*) h = «(V r (i*) h ) G (LQFSAd)^ is a quantization of J l {L*) , by Theorem EU In 
all this, L* stands for the ^4-module dual to L endowed with the Lie-Rinehart bialgebra structure 
dual to that defined on L by scratch and by the quantization V t {L) h — according to Theorem l4.4l 
This completes the proof of (a.l ). 

(a.2) Let H h = V e (L A ) h be a LQUEAd over A h and r h = V l {L B ) h a LQUEAd over B h , 
and let <j> := (f,F) be a morphism of left bialgebroids among them. Set 3 Hk '■= Ker(e Hh ) and 
3r h '■— Ker(e rh ). Then F(Zn h ) Q 3r h by the property e rji o F = f o e Hh of a morphism of 
bialgebroids. Similarly, one has F® n o A™^ = A®" o F and F o = s r ; from this, one easily 
sees that S™(F(u)) = F® n (S%(u)) . From all this we get F{H^) C r fc ' , so the restriction of the 
morphism (/, F) between and J/j provides a morphism in (LQFSAd) between and r t [ . 

(b) A direct proof for claim (b) can be given by the same arguments used for (a). Otherwise, 
we can deduce (b) from (a) as follows. 

If H h G (RQUEAd), then (H h )°/ oop G (LQUEAd) and ((H h )° c p oop )' = ( , H h )'^ op , so that 

Hj[ = 'Hh = ( {(Hh) coop)') coop ■ From this we can easily deduce claim (b) from claim (a). □ 

6.20. Description of V e (L)' h when I is a (finite type) free A module. Let L be a Lie- 
Rinehart algebra which, as an A-module, is free of finite type. Let V e (L) h G (LQUEAd)^ be a 

quantization of V e (L) . By the freeness of L , we can provide an explicit description of V l (L)' h , 
much like that given in 13] for the similar case of quantum universal enveloping algebras. 

First of all, consider K h := V £ {L)* = J r {L) h G (RQFSAd) Ah , which (cf. Theorem is a 

quantization of J r (L) . From Proposition 16.61 we have V*(L) h = *(K h r ) . 
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Let {e^}^^ n x be a basis of the free A-module L . Then (by the Poincarc-Birkhoff-Witt the- 
orem) the set of ordered monomials {e— } a6N „ is an A-basis of V l (L), where e— := e" 1 • • ■e" n . 

Let l z g Hom(V e (L),A) * S^L*) be defined by = S ai , ■ ■ ■ 6 aiA ■ ■ ■ 6 ani0 . 

Then the ordered monomials — r £ — (with a\ :— ai\ ■ ■ ■ a n \ ) is a pseudobasis — i.e., a basis in 
topological sense — of the A-module J r (L) dual to the PBW basis {e-} QgN „ . 

Now lift {Si} ie n „} to a subset {ej^^ n j in V t (L) h , such that 5* = mod hV i (L) h 
and e(ej) = 0; similarly, lift {£ J ie{li ..., n } to a subset {6} ie{lj ...,„} in J r (L) h = K h such that 
dh{£,i) — 0. Then {e— } QgN „ is a topological basis of V^L)^ and {-jr(-} a6r is a topological 
pseudo-basis of J r (L) h = Kh : indeed, these two (pseudo-)bases are dual to each other module /i , 
i.e. = 8*, g + h A h . 

Let {9— } agN „ be the topological basis of V^(£) h dual to {"5T^-} QgNn - By the duality modulo 
h mentioned above, we see that the elements in this basis are of the form 

so {9— } aeN „ is a lift of the PBW basis {e-} QeN „ of V e (L) . By construction, it is clear that 
{h<— I £-} QeN „ ) where \a\ := E"=i a i > is a topological basis of the (topologically free) left Ah~ 
module K^ = J r (L)^ . But then, it is also clear that the dual pseudobasis of — V e (L)' h 

to this basis is ftN {9g_ } QgN „ ■ Therefore 

where the summation symbol denotes /i-adically convergent series. A similar reasoning shows that 

'V\L) h = {Ea 5 '^)^ 1 - 1 ^! «a e Aft} 



6.3 Quantum duality for quantum groupoids 

We consider now the composition of two Drinfeld functors. We shall prove that the functors ( ) v 
and ()'='() are actually inverse to each other, so that they establish equivalences of categories 
(RQFSAd) S (RQUEAd) and (LQFSAd) S (LQUEAd) . 

We begin with an auxiliary result (cf. [T3], Lemma 3.3, for the well known case of QUEA's): 

Proposition 6.21. Let V r (L) h be a quantization of V r (L) and let x' g (V r (L)h)' ■ Let x g 
V r (L) h \hV r {L) h , n g N, fee sudi tfiai x' = /i n x 7 and set x := x mod hV r (L) h (g U r (L)) . 
TTien 3; G V„(L) , the n-th piece of the standard filtration (cf. Remark \2.18\) of V r (L) . 

A similar, parallel result holds with V (L) h and V (L) replacing V r (L) h and V r (L) respectively. 

Proof. Set K h := ,(V r (i) h ) , and J ft := d^(hA h ) . One has (h n xj£ +1 ) C A , hence 
< z , ) (= hA h which implies (x,l£ +1 > = . Therefore x g V£(£) , q.e.d. □ 

We are ready for the main result: 

Theorem 6.22. 

(a) If K h g (RQFSAd) , ifcera (if h v )' = K h = '{Kg) . 

(b) If K h g (LQFSAd) , then (K^)' = K h = '(K^) . 

(c) If H h g (LQUEAd) , then (Htf = H h = ('H h f . 

(d) If H h g (RQUEAd) , then (H^ = H h = ('H h ) V . 

(e) The functors ( ) v : (RQFSAd) -> (RQUEAd) and ()' = '(): (RQUEAd) -> (RQFSAd) 
are inverse to each other, hence they are equivalences of categories. Similarly for the functors 
( ) v : (LQFSAd) — ► (LQUEAd) and ()' = '(): (LQUEAd) — ► (LQFSAd) . 
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Proof. Clearly, claim (e) is just a consequence of the previous items in the statement. We begin by 
focusing on claim (a): we assume that Kh S (RQFSAd)^^ and we shall prove that (K^) = Kh ■ 

Let us show that K h C (K^)' . 

Given A is in K h , consider its n—th iterated coproduct A™(A) = A(i) ® • • • ® A( n ) ; if we 
write every A (i) as A (i) = A' w + X'fa with A' (i) := A (i) - s£(<9(A w )) G 2h ■= Kcr(d Kh ) and 
tfi) := s h(d(^(i))) e s h(Ah) , then expanding again A"(A) we can write it as a sum A™(A) = 
£ A^ 1} ® • • • ® A^ n) in which A° G 3ft or A° G s£(ylfc) for every i = 1, . . . , n. 

Now let a± , . . . , a n £ I t (K%) := e ^if v ) ^0 ' ^ s ever y a j belongs to »(Ar^) , it defines a map 
from to h Ah . Hence (on , Aj) G /i^4h and one has (ai • • • a„ , A) G h n Ah ■ Thus, for any 
n G N, we have that A defines a map A„ : h~ n I™ K vj — > Ah ■ Clearly all these A„'s match 

together to define an element A G ((*(A'ft V )) V ^ = (ATX)' ; thus we end up with a natural map 

Kh — > {-K-h)' (A i-^ A) , which is clearly injective. This yields the inclusion Kh C (AT^ 7 )' . 

To prove the converse inclusion Kh 2 (A'^)' > we proceed like in [13]. 

Let x' G (i^fc)' \ {0} be given. Then there exists x G A^f \ h such that x' = h n x. By 

Theorem E31 we know that K y h jhK y h = V r (L*) . Setting x := x mod hK y h ^ K y h jhK^ = 

V r (L*) , by construction and by Proposition 16.211 we know that x G V£(L*) . Using the PBW 
Theorem for V r (L*) , and noting that every element of L* can be lifted to an element of 3^ , we 
see that there exists xq G K^ such that 

• x = Ss=o witn e , and d<n, 

• x = xq + hxn\ or x' — h n xq + h n+ Xh\ for some Xm G AT^ . 

As Kh C (i^/f) , as we already showed, we get /i n+1 X(i) = h n (x — x ) — x' — h n xq G (K^)' . 

If arm := /i n+ xm is zero, then we are done. If not, we can repeat the argument with xm in 
the role of X( ) := x' . We write X(i) — ft n+ni X(m> with ni > and X((i)) ^ hK^ . This will 
provide us with an xi G AT^ and an x/ 2 \ 6 AT^ 7 such that Xm = h n+ni xi + h n+ni+1 X{ 2 ) with 
h n+ni xi G AT/j and h n+ni+1 x^) S (K^)' . Iterating this procedure, we will eventually find a 
sequence {x s } seN G K£ such that 

• h n + ni+n2+ - +n °x s G JO, for all s e N , 

• x' = X)^°o /i n+ " 1+ " 2H hns a; s where the right-hand side converges to x' in K^ . 

As / l «+ni+n 3 +-+n. a . g g jn+ni+n 2 + ...+n, &nd ^ j g CQmplete with respect to th e J ft -adic topology, 

the series X)^o h n+ni+n2 ^ ^ n "x s does converge to x' in Kh ■ This completes the proof of (a). 

The proof of (b) is analogous to the proof of (a), so we leave it to the reader. 

To prove claim (c), consider H h G (LQUEAd) . We have K h := H£ G (RQFSAd) , and 
H L =*({ H hY) =*( K h) b y Proposition \EM a )- Now r h ■= G (RQUEAd) by TheoremiH 

and then Th — ((*A) V )* by Proposition ^. 6^ 6). which implies *(Th) — *f((*-Oi) V )*) = (*A) V • 
Altogether — also exploiting claim (a) — this gives 

(H,0 V = UK h V )Y = (*r h ) V = = *(n) = *((Kfi') = ,K h = ,{H*) = H h 

This proves (c), and the proof of (d) is entirely similar. □ 
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7 An example 

In this last section we apply the main construction of the paper — duality functors and 
Drinfeld's functors to a toy model, namely a simple (yet non trivial!) quantum groupoid. 

We consider the two dimensional Lie fc-algebra g = k e\ k e 2 with non zero bracket [ei, e 2 ] = 
ei . It is well known that g* is a Poisson manifold. We shall consider e\ and e 2 as coordinates 
on g* , denoting them by x\ and x 2 respectively. The Poisson structure on g* is determined by 
{xi,x 2 } = [ei,e 2 ] = ei . 

Let us introduce the Lie k[[h}] -algebra gh ■= k[[h]\ e\ © k[[h]\ e 2 with non zero bracket 
[ei, e 2 ] h := hex . The enveloping algebra Ah ■= U{gh) is a quantization of the Poisson algebra of 
polynomial functions on g* , namely A = S(g) . 

For simplicity, we shall write T> for the ring of polynomial differential operators on g* . It is 
the enveloping algebra of the Lie-Rinehart algebra (S(g), Der(S(g)) , id) . We endow it with the 
standard left algebroid stucture and denote by T>[[h]] the trivial deformation of this structure. 

d 00 1 h n ( d d \ n 

Proposition 7.1. Set 9i = x\— — . Then T := T] — 9\ ® — — ® 61} is a 

0x1 n=0 n\ 2" \ ox 2 ox 2 J 

twist for V[[h}} . 

Proof. It is a straightforward computation. □ 

We will now denote by T>h the twist of T>[[h]] by T . As an algebra, T>h is isomorphic to 
(S(g) ® S(g*)) [[h]] . The deformation of A = S(g) defined by J" is A h = U(gh) ■ The source map 
s l jr (an algebra morphism) is determined by 

I , ^ ^ 1 hn Qn I 1 ^ u d 

sAxi) = R^^ xi ^xj ' sAx2) = X2 hxi ^ 

The target v-p (an algebra antimorphism) is determined by 

(—1)" h n d n d 

- nu— -^i^- ' = X2 + hx ^ 

e[x?x? (dxi y jl{dx2 y j2 J = xi 1 *? {dxi y l{dx2 y 2 W 

Let T be the clement of T> ®j. T>[[h]] defined by 

/ h { d d \\ 00 1 h n { d d \" 

T = cxp (2 - 'dx~ 2 ~® di ) ) = So * * r ^ " ^ 61 ) e v ® kV[M 

The element ~F is invertible in (V ®k T>) [[h]] and one has 

^ 1 ( h fn 9 8 

00 



E —r L k®-^- - e (v® k v)[[h}} 

n=0 n\ 2™ V dx 2 dx 2 J 
The element J 7-1 defines an element 

The map 

J- # : V[[h]] ® A f V[[h]} — >■ V[[h]} § A V[[h]] , h\®h 2 i-> T ■ {hi® h 2 ) 
is invertible and its inverse is 

.F*- 1 : D[[/i]] § A X>[[/i]] — »• §^ ©[[/»]] , /n ® /i 2 ^ • (/ii ® ft 2 ) 
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We will compute (2?/,) an d iPh) ■ 

Computation of (V /,) : We shall use the isomorphism 

/ ga gb 1 ga gb 

V> h ).-+Hom{V,A)[[h]] , A m- I —— —j- i-> ( A, ' 



Let dei and de 2 be the elements of {pn) such that 

<9 a d b \ . . I , d a d b \ . . 

dei >^[^4/ = Sl - a 6 °> b > \ d£2 ' tof 94 / = ^ 5l < b 

Let ei and e2 be the elements of such that 

9 a d b \ . . I d a d b \ . . 

e i ' -^nr ~^nr / = x i °o,a °o,b , < e 2 , — — — -7- > = x 2 d , a o ,b 



dx\ dx\ I \ dx\ dx\ 

A computation shows that 

if a > 2 or 6 > 2 
ga gb \ j 1 if a = 1 and 6 = 1 

dei ^ de 2 , — — - 7—7- ) = < h 



Similarly 



"' <2 " ''"'d^^f/ = ) A if = 1 and 6 = 

if a = and 6=1 

Hence dei •/, de 2 — de 2 dei = —hdei . Set de^ := h^ 1 dei ■ This equality can be written 

dei -h de 2 — de 2 -h dei = —dei 



dxl dx\ J I — — if o = 1 and 6 = 
if a = and 6 = 1 



if a > 2 or 6 > 2 
ga gb \ j 1 if a = 1 and 6=1 



A straightforward computation shows that 



ga gb \ f if (0,6)^(1,0), (0,0) 

dei -h e 2 , 7 ) = < a; 2 if a = 1 and 6 = 



dx " dx i I \ () if <; = and 6 = 
A direct computation proves that 

ga gb \ f if (a, b) ^(1,0), (0,0) 

e 2 -ft ei , — — —7- ) = < a; 2 if a = 1 and 6 = 



dxl dx b 2 



hxi if a = and 6 = 



Let us compute (e 2 dei)(l) as an example: we find 
e 2 -/,dei(l) = (e 2 ®dei)(l®l) = dei(^(e 2 )) = dei(ijr(e 2 )-Sjr(e 2 )) = dei [ hxi ~g^T 

Hence dei -h e 2 — e 2 • dei = —hei . This equality can be written as 

dei -h e 2 - e 2 • de 1 — —e\ 

Similarly, the following equalities can be established: 

ei • e 2 - e 2 -h ei = hei , dei -ft, ei = ei- h dei 
de 2 -h e 2 = e 2 de 2 , de 2 •/, ei - ei de 2 = e x 
«*(ei) = ei , <*(ei) = e { + hdei 
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From the properties of the coproduct, one deduces 



A(e;) = 1(g) ej , Afe + hdei) = (e^ + hdei) (g 1 

hence 

A(hdei) = ei® I + hdei® I — 1® ei 

= s r (ei) ® 1 + hdei ® 1 — 1 ® ei 
= 1 ®t r (ei) + hdei ® 1 — 1 ® ei 
= hdei ® 1 + 1 ® hdei 

which gives A(cfei) = dei ® 1 + 1 ® dei . The coproduct on ((2?^)^) V is now determined. Let us 
precise its counit: it is given by 

d(dei) = , d(ei) = ei 



Remark 7.2. Let us introduce the Lie algebra 0i such that 0! = g = kde x kde 2 (as a 
fc-vector space) and [ , ] 1 := — [ , ] . Then 0! acts on g h = fc[[/i]]ei © /c[[/i]]e 2 by derivations, via 

& ^Der( Qh ), &i^{^° ei , ^2^1^^ 

We may perform the semi direct product 0! k Q h and ((2? ft ) 4i ) V is isomorphic to U(qi k Q h ) as an 
algebra but not as a bialgebroid. 

Let us now compute "Dh ■ We proceed in several steps. 
d 

• Let us show that h — — e 'Dh ■ 
ox 2 

We shall show that > ^l* ^ e< 2^j = if (ai,a 2 ) i= (0,1) . We have three cases to 

consider: 

Id \ 

First case: a 2 = . In this case it is obvious that ( — — , cfe? 1 ) = . 

\ 0x2 I 

Second case: a 2 = 1 . In this case we have 

d 01 \ f if oi ^ 



dx 2 



^ <fe 7 = 1 1 if Ol =0 



( d \ 

Third case: a 2 > 1 . In this case the summands in Ajr — — that might bring a non zero 

\ox 2 J 

Id \ 

contribution in the computation of ( — — , cfe? 1 de 2 2 ) are those of the form 

\ ox 2 I 

-f — ® B\^ a - i-ii— if r with a' 2 + a 2 ' = a 2 - 1 

but 

E(9° 2 „'_i_„" C — \\ a 'i /? a2_1 

^+oi'=o a -i (fe 2 ) a2 1 a 2 !a 2 '! 2 a ^ 1 

Id \ 
hence in the end we find again ( h — — , efe? 1 del? } = , q.e.d. 

\ ox 2 I 

• Let us show that h e '£>/, . We will show that (h , cfe? 1 cfeo 2 ) e h ai+a2 A h . 
ax\ \ ox\ / 



We start by computing \ , cfe" 1 c?e 2 
First case: a 2 = . It is easy to check that 

h , (de!) a 



xi if ai = 1 
otherwise 
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Second case case: a 2 > 1 . The summands in Ajf ( ^ I that might bring a non zero 



dx 2 

contribution in the computation of ( 6\ , de" 1 de 2 2 ) are those of the form 



a 2 



(dx 2 ) a z 1 a' 2 \a' 2 '\ 2 a ? 

but 



hence in the end wc get (^9 1 , {alei) ai (de 2 ) a2 ^ = . 
In conclusion, we find 



Q x , (d ei ) ai (de 2 ) a2 



xi if (ai,a 2 ) = (1,0) 
otherwise 



Id \ 

Let us now compute ( — — , de" 1 de 2 2 ) ■ Again we have several cases to consider. 
First case: a 2 — . It is easy to check that 

9 ( dei r\ t 1 if ai = 1 



dx\ I I otherwise 

Second case: a 2 > 1 . In this case one has 

/ \ I f) +°° r) n h n 

- * ( £ ■ <*•>" <*•»-) - £,'("' <£f • (*.)- (*»r 

?i ttt-^ r , (^ei) ai (de 2 ) a2 

1 (dx 2 ) a i 2^a 2 ! ' V 17 V 

If we choose n e [l,a 2 — 1], the unique summands in Ajr — — — j that brings a non zero 

/ d n \ 
contribution in the computation of ^6>i — — — , (dei) ai (de 2 ) a2 J arc those of the form 

' -^-^^-—^1- with c 1+ c 2 = a 2 -n 



(dx 2 ) a2 2 a 2-« ci!c 2 ! 

But since 

V" ° 6 ,a 2 -n+l « I jj = q 

Z_^ Cl+C2=Q2 _„ (<9a; 2 ) a 2 1 2 a 2-™ ci!c 2 ! 

^02-1 / d n h n \ 
He-e £^ _ _ , = . 

/ a° 2 \ 

Finally, remark that (^6i — — , (dei) ai (de 2 ) a2 j is zero if ai ^ 1 . Hence, in any case, 
/ d a2 h a2 \ 

( de a de b 

Now denote by {Va,b} ( a b ^ eN 2 the topological basis of 2\ dual to the basis < — - — — 
We know that 

'T>h = { E(a,6)eN 2 ^ + Vb I "a,6 € Ah | 
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(a,h)SN 2 



d a d b 

As /i a +V,& = h a+b mod ti V h , we have 

{OX 1 j a (OX2) 

ga gb 



(dx 2 ) 



b 



Computation of : We shall compute (T>h)* , using the isomorphism 

ga Qb I ga gb 



<p h r-+H< a n(V,A) [M , ^^A, — ,^ 

Let dei and de 2 be the elements of (T>h)* such that 

ga gb \ I ga gb \ 

d6U -dxj / = 5l ' aS °' b ' \ rf62 ' tof 94/ = 6o ' a6l ' b 

Similarly, let e\ and e 2 be the elements of (D h )* such that 

a a d b \ . . I d a d b \ 

61 ' fl£f ~dxj ) = XlS °- aSo - b ' \ 62 ' -dxj -04/ = X2 ^ Ja - b 

Now set dei :— h~ 1 de i for i = 1, 2 . Then the following equalities can be established: 

ei • e 2 — e 2 ^ ei = — he\ , ctei • h de 2 — de 2 ■ h dei — dei 
dei -h e 2 - e 2 • dei = ei , dei - h e x = ei - h dei 
de 2 -h e 2 = e 2 - h de 2 , de 2 - h e\ - e\ de 2 = -e\ 

Moreover, source and target are s*(xi) = + hdei , t*(xi) — . From the properties of the 
coproduct, one has also 

A(ei) = e t <g> 1 , A(de l ) = de l ®l + l®de % 

Finally, the counit of ((V h )*) v is given by 

<9(cfei) = , d{ei) = ei 



Remark 7.3. Let us introduce the Lie algebra Qh,i such that Qh,i — Qh = k[[h\] dei k[[h]] de 2 
(as a fc-vector space) and [ , \ x := — [ , ] . Then g acts on q^s by derivations, via 

™ 1 \ j f ei^O r f e 2 1 y 

fl _>Der( flM ), dei^^^^ , de 2 ^ j ^ ^ _^ 

Now we may perform the semi direct product g k Qh,i ; then ((T>h)„) V is isomorphic to /7(g K fl^i) 
as an algebra but not as a bialgcbroid. 

A right bialgebroid isomorphism (CZ\)*) V = ((2?/,,)*) V . From the above analysis, one 

sees that there exists a unique isomorphism of right bialgebroids (f> : {(Vh)^ ► [[V h )*Y 

determined by 

4>{ei) = e.i + hdei , H de i) = - de i 
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